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Abstract
This dissertation develops the complex pole representation as a unified framework for
compactly representing Green’s functions in quantum many-body simulations, with ap-
plications to numerical analytic continuation, hybridization fitting, compact represen-
tation and quantum impurity solvers, accompanied with software implementation. The
central idea is to replace continuous spectral and correlation functions by a small number
of complex poles and complex weights, while preserving the analytic structure needed
for physical interpretation and numerical simulation.

We begin by reviewing the second-quantization formalism and the single-particle
Green’s functions used throughout this dissertation. Particular emphasis is placed on
the Lehmann representation, which shows that finite-size Green’s functions can be ex-
pressed as sums over real poles in the frequency domain. In extended or continuous
systems, these real poles become dense and give rise to broadened spectral features
and branch cuts, making a direct real-pole representation inefficient. This observation
motivates the complex pole representation, in which continuous spectral features are
approximated by poles away from the real axis. We then introduce Prony-like methods,
including ESPRIT, as numerical tools for extracting minimal exponential and pole rep-
resentations from sampled data. Combined with suitable holomorphic mappings, these
methods provide the algorithmic foundation for recovering complex pole representations
of Green’s functions.

We next develop the complex pole representation for Green’s functions in detail. We
explain its motivation from the analytic structure of Green’s functions, derive its basic
form on the complex plane, and analyze its implications for causality, positivity, physical
constraints, and singular spectral features. We also show that not only retarded and
advanced Green’s functions, but also greater, lesser, time-ordered, anti-time-ordered,
and Keldysh Green’s functions can be represented compactly by complex poles. This
analysis provides the conceptual foundation for the main applications developed in the

xxi



following chapters.
The first main application is numerical analytic continuation of Matsubara data to

the real-frequency axis. Analytic continuation is notoriously ill-conditioned, as small
uncertainties on the imaginary axis can be strongly amplified on the real axis. We show
that Matsubara Green’s functions can be approximated by a minimal complex pole
representation to within a prescribed precision, and that the resulting real-frequency
spectral function converges systematically to the exact result as the input precision
improves. This provides a controlled route to analytic continuation for a broad class of
fermionic and bosonic response functions, including diagonal, off-diagonal, discrete, and
continuous cases.

The second application extends the method to matrix-valued correlation functions
and introduces several systematic improvements. In multi-orbital quantum simulations,
correlation functions are matrix-valued objects whose elements share common analytic
structure. Instead of continuing each matrix element independently, we construct com-
pact pole representations with shared pole locations and matrix-valued weights. We
further develop pole restrictions, constraints on the spectral shape, a combination with
the discrete Lehmann representation, the incorporation of prior knowledge, and an au-
tomatic procedure for selecting the initial Matsubara point. These extensions broaden
the applicability of the method while preserving the systematically improvable character
of the original scalar formulation.

The third application concerns compact representations of real-frequency and real-
time correlation functions. We generalize the complex pole approach to real-axis fitting
and demonstrate its application to spectral densities and bath correlation functions.
The resulting representation achieves accuracy comparable to state-of-the-art methods
on short-time intervals, while providing a more controlled description of long-time tail
behavior. This makes the method useful for real-time simulations, quantum impurity
models, and open quantum systems, where continuous baths must be represented by a
finite number of degrees of freedom.

The fourth application uses the complex pole representation to construct quantum
impurity solvers. On the imaginary axis, we show that complex poles can be used to
construct non-Hermitian Hamiltonians for non-interacting problems, while the inclusion
of interactions requires additional restrictions that lead back to real-pole-based formu-
lations. We also demonstrate the difficulties that arise when complex poles are used

xxii



directly in imaginary-axis diagrammatic calculations. On the real axis, by contrast, the
complex pole representation leads to compact and efficient impurity solvers. In par-
ticular, we construct a Liouvillian-based solver for nonequilibrium steady states and a
complex-pole-based diagrammatic solver for real-axis perturbation theory. These ex-
amples show that complex poles can be used not only for pre- and post-processing, but
also as active computational degrees of freedom in quantum impurity simulations.

Finally, we present Mini-Pole, an open-source Python implementation of the meth-
ods developed in this dissertation. The package provides tools for analytic continuation,
compact representation, hybridization fitting, and pole compression. This software com-
ponent makes the complex pole framework accessible for practical use and provides a
reproducible implementation of the algorithms introduced throughout the dissertation.

Taken together, these results show that the complex pole representation provides both
a practical numerical method and a conceptual framework for treating Green’s functions
in quantum many-body theory. By connecting analytic continuation, hybridization fit-
ting, compact representation, impurity solvers, and software implementation within a
single pole-based perspective, this dissertation provides a systematically improvable ap-
proach to extracting, representing, and directly manipulating real-frequency information
in quantum many-body simulations.
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Chapter 1

Introduction

Understanding quantum many-body systems is one of the central goals of modern con-
densed matter physics, quantum chemistry, and materials science [1–3]. In these sys-
tems, interactions among many particles generate collective phenomena that cannot be
captured by single-particle physics alone, such as magnetism, superconductivity, metal-
insulator transitions, and strongly correlated electronic behavior. A direct description
in terms of the full many-body wavefunction is often impractical, because the dimen-
sion of the many-body Hilbert space grows exponentially with system size [4]. It is
therefore useful to formulate the problem in terms of reduced quantities that encode the
physical information most relevant to excitations, response, and emergent behavior [1–
3]. Among these reduced quantities, Green’s functions play a particularly important
role [5, 6]. They provide a compact language for describing single-particle excitations,
response functions, correlation effects, and connections to experimentally measurable
quantities.

In equilibrium finite-temperature simulations, Green’s functions are often computed
on the imaginary-time or imaginary-frequency axis [3], where the numerical problem is
usually better conditioned and many powerful methods, including perturbative calcula-
tions [7–9] and Monte Carlo simulations [10–12], can be formulated. However, physical
spectra and dynamical response functions are naturally defined on the real-frequency
axis. This mismatch between the numerically convenient imaginary axis and the physi-
cally interpretable real axis is one of the central difficulties addressed in this dissertation.

The transformation from imaginary-axis data to real-frequency information is known
as numerical analytic continuation (NAC). Although the underlying Green’s function is
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analytic away from the real axis, recovering its boundary value on the real axis from dis-
crete and possibly noisy imaginary-axis data is an ill-conditioned problem [13]. Small
uncertainties in the input data are amplified exponentially in the recovered spectral
function. For this reason, analytic continuation has long been regarded as one of the
most delicate post-processing steps in quantum many-body simulations. Many regular-
ization strategies have been developed, including interpolation with Padé [14, 15] and
Nevanlinna functions [16, 17], the Maximum Entropy (MaxEnt) method [13, 18–23],
stochastic analytic continuation (SAC) and variants [24–31], genetic algorithms and
machine learning [32–34], causal projections [35] and Prony fits [36, 37]. These methods
have important advantages and have been widely used. Nevertheless, it remains diffi-
cult in practice to obtain a real-frequency spectrum that improves systematically as the
precision of the imaginary-axis data increases.

We approach this problem using the complex pole representation developed in our
work [38]. The key observation is that continuous spectral features can often be ac-
curately approximated by a small number of poles away from the real axis, provided
that both the pole locations and weights are allowed to be complex-valued. Instead of
asking only how to continue a function from the imaginary axis to the real axis, we ask
what minimal information, namely the minimal number of complex poles, is contained
in the input data. This perspective leads naturally to the name of our method: the
Minimal Pole Method (MPM). By reducing the problem to this minimal representa-
tion, we show that all ambiguities associated with analytic continuation are eliminated.
Most importantly, unlike any other procedure known to us, MPM systematically im-
proves the precision of the recovered spectral function as the precision of the input
field-theory data is increased. This capability paves the way toward reliable uncertainty
estimates of excitations, which are difficult to obtain with existing methodologies. The
method is applicable not only to positive diagonal fermionic spectral functions, but also
to off-diagonal, bosonic, discrete, and continuous response functions. It is also robust
to noise: when the fit is performed to the known precision of the input data, the re-
sulting spectra remain physically meaningful and improve as the uncertainty on the
Matsubara axis is reduced. Compared with Ref. [38], we also include a procedure for
applying the method to imaginary-time data, although the method is primarily designed
for imaginary-frequency data.

In realistic many-body calculations, Green’s functions, self-energies, and susceptibili-
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ties are often matrices in orbital, spin, momentum, or band indices. Treating each ma-
trix element independently may ignore important shared analytic structure and lead to
inconsistent continuations. Based on this observation, we generalize MPM to a matrix-
valued formulation, in which different matrix elements share the same set of complex
poles while carrying distinct matrix-valued weights [39]. This structure provides a co-
herent representation of multi-orbital Green’s functions and self-energies, enables the
continuation of off-diagonal elements, and facilitates applications to real-materials data.
We also introduce several systematic improvements, including restrictions to real poles
when appropriate, constraints on the spectral shape, a combination with the discrete
Lehmann representation, and an automatic procedure for selecting the initial Matsubara
point. These developments broaden the applicability of the method while preserving its
systematically improvable character. Compared with Ref. [39], this thesis also includes
sections explaining the sources of ambiguity in NAC and the procedure for incorporat-
ing prior knowledge, accompanied by numerical experiments. We also add numerical
results for quantum Monte Carlo data and provide a detailed explanation of why the
performance of analytic continuation for real-materials data differs when it is applied
to scalar-valued Green’s functions, matrix-valued Green’s functions, and matrix-valued
self-energies, as well as a discussion of the different performance of the original method
and its variant.

The same complex-pole perspective can also be transferred from the Matsubara axis
to the real-frequency axis. Motivated by the success of MPM for NAC, we generalize the
method to real-frequency bath fitting and compact representation [40]. Quantum im-
purity models, open quantum systems, and real-time simulations often require approxi-
mating a continuous bath by a finite set of discrete modes or exponentials. Traditional
fitting procedures are frequently nonlinear, computationally expensive, and sensitive to
local minima. The complex pole representation provides an alternative route: spectral
densities, real-frequency Green’s functions, and bath correlation functions can be ap-
proximated by a compact set of complex poles to a prescribed accuracy. The resulting
representation achieves accuracy comparable to state-of-the-art methods on short-time
intervals, while providing a more controlled description of long-time tail behavior. This
makes the method useful for real-time simulations, quantum impurity models, and open
quantum systems, where continuous baths must be represented by a finite number of
degrees of freedom.
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Beyond analytic continuation and bath fitting, the complex pole representation can
also be used as an active computational ingredient in quantum impurity solvers. In this
dissertation, we explore this idea in both imaginary-axis and real-axis formulations. On
the imaginary axis, complex poles can be used to construct non-Hermitian Hamiltonians
for non-interacting problems, but the introduction of interactions reveals a fundamental
limitation: since the complex pole representation is valid only in one half of the complex
plane, interacting Hamiltonian-based and diagrammatic calculations generally require
additional restrictions that lead back to real-pole-based formulations. On the real axis,
by contrast, the complex pole representation is directly compatible with the analytic
structure of retarded, advanced, greater, lesser, time-ordered, anti-time-ordered, and
Keldysh Green’s functions. This enables compact real-axis impurity solvers, including
a Liouvillian-based solver for nonequilibrium steady states and a complex-pole-based
diagrammatic solver for real-axis perturbation theory. These examples show that com-
plex poles can be used not only for pre- and post-processing, but also as computational
degrees of freedom in many-body simulations.

To make these methods accessible and reproducible, this dissertation is accompanied
by Mini-Pole, an open-source Python implementation of the main algorithms developed
here. The package provides tools for analytic continuation, compact representation, hy-
bridization fitting, and pole compression. It supports scalar-valued and matrix-valued
correlation functions and includes several variants corresponding to the methods intro-
duced throughout the dissertation. In this way, the software implementation serves not
only as a practical tool, but also as a concrete realization of the complex pole framework.

The remainder of this dissertation is organized as follows. Ch. 2 introduces the second-
quantization formalism used throughout the thesis. Starting from the quantum mechan-
ics of identical particles, it introduces creation and annihilation operators, field oper-
ators, and the second-quantized Hamiltonian. Ch. 3 introduces single-particle Green’s
functions on both the imaginary and real axes. Particular emphasis is placed on the
Lehmann representation and the analytic properties that follow from it, including real-
pole representations, sum rules, and symmetry properties. Ch. 4 introduces Prony-like
methods, including the Prony approximation method, the ESPRIT algorithm and its
matrix-valued extension, which provide the numerical foundation for extracting minimal
exponential and pole representations from sampled data.

Ch. 5 develops the complex pole representation for Green’s functions. It explains
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how complex-valued poles and weights can approximate broadened spectral functions,
analyzes the implications for causality, positivity, physical constraints, and singular
spectral features, and discusses the matrix-valued extension. Ch. 6 applies this repre-
sentation to numerical analytic continuation and demonstrates controlled convergence
of real-frequency spectra as the Matsubara input precision increases. Ch. 7 extends the
method to matrix-valued correlation functions and introduces systematic improvements,
including pole restrictions, spectral-shape constraints, combinations with the discrete
Lehmann representation, the incorporation of prior knowledge, and automatic selection
of the initial Matsubara point. Ch. 8 applies the same ideas to real-frequency bath
fitting and shows how complex pole representations can approximate spectral functions
and bath correlation functions with controlled accuracy, including their long-time tails.
Ch. 9 explores the use of the complex pole representation in quantum impurity solvers.
It discusses both imaginary-axis and real-axis formulations, analyzes the limitations of
direct complex-pole-based imaginary-axis simulations, and presents real-axis Liouvillian-
based and diagrammatic impurity solvers. Ch. 10 provides a tutorial for the Mini-Pole
package, including installation, basic usage, and the main classes used for analytic con-
tinuation, compact representation, bath fitting, and pole compression. Finally, Ch. 11
summarizes the main conclusions and discusses possible future directions.

During the preparation of this dissertation, ChatGPT was used solely to assist with
language polishing and grammar correction. All suggestions from this tool were inde-
pendently reviewed and verified by the author before being incorporated. No scientific
content, research ideas, analyses, results, figures, references, or conclusions were gener-
ated by this tool.
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Chapter 2

Second Quantization

This chapter gives an introduction to second quantization in quantum field theory
(QFT), which will be used throughout the rest of the thesis. Throughout this the-
sis, we use bold font to denote tensors, e.g., vectors and matrices, and use a hat “^” to
denote operators, unless otherwise specified. This chapter largely follows the conven-
tions used in Ref. [6]. We set ℏ = −e = me = 1, where e is the electron charge and me

is its corresponding mass.

2.1. Quantum Mechanics of a Single Particle
For a single particle, its physical state can be described by a ket |Ψ⟩ belonging to a
Hilbert space, a vector space endowed with an inner product, whose evolution satisfies
the Schrödinger equation

i∂t|Ψ⟩ = ĥ|Ψ⟩ , (2.1)

where ĥ = ĥ(r̂, p̂, Ŝ) is the one-body Hamiltonian operator, which in general depends
on the position operator r̂, the momentum operator p̂, and the spin operator Ŝ. For
example, for a particle of mass m, charge q, and gyromagnetic ratio g moving in an
external field, ĥ has the form

ĥ =
1

2m

(
p̂− q

c
A(r̂)

)2
+ qϕ(r̂)− gµBB(r̂) · Ŝ , (2.2)

where ϕ is the scalar potential, A is the vector potential, B = ∇×A is the magnetic
field, and µB is the Bohr magneton. Once the Hamiltonian and the initial ket at t0 are
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given, the dynamics of |Ψ⟩ at later times t > t0 is fully determined.
To solve Eq. (2.1) explicitly, we can utilize the so-called position-spin kets |x⟩, where

x = (rσ), and we have assumed that the particle has spin whose projection is denoted
by σ. They are the eigenstates of r̂ and Ŝz,

r̂|x⟩ = r|x⟩ , Ŝz|x⟩ = σ|x⟩ , (2.3)

are orthonormal,
⟨x′|x⟩ = δσσ′δ(r − r′) := δ(x− x′) , (2.4)

and are complete, ∫
dx |x⟩⟨x| = 1̂ , with

∫
dx :=

∑
σ

∫
dr . (2.5)

The ket |Ψ⟩ can then be expressed as

|Ψ⟩ =
∫
dxΨ(x)|x⟩ , (2.6)

where Ψ(x) := ⟨x|Ψ⟩ is the so-called wavefunction or probability amplitude. The Hamil-
tonian can be written as

⟨x|ĥ|x′⟩ = hσσ′(r,−i∇,S)δ(r − r′) , (2.7)

and, for example, Eq. (2.2) has the explicit form

hσσ′(r,−i∇,S) =
δσσ′

2m

(
−i∇− q

c
A(r)

)2
+ δσσ′qϕ(r)− gµBB(r)·Sσσ′ , (2.8)

where the relation ⟨x|p̂|x′⟩ = −iδσσ′∇δ(r − r′) has been utilized, and S is the matrix
of the spin operator with elements Sσσ′ = ⟨σ|Ŝ|σ′⟩. For spin-1

2
fermions, the operator

Ŝ = (Ŝ
x
, Ŝ

y
, Ŝ

z
) can be written explicitly as

Ŝ
j
=

1

2

∑
σσ′

d̂†σσ
j
σσ′ d̂σ′ , j = x, y, z, (2.9)

where d̂(†)σ are the creation/annihilation operators of spin σ that will be introduced in
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Sec. 2.3.2. Therefore, we have S = 1
2
σ, with σ = (σx,σy,σz) being the Pauli matrices

with components

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
and σz =

(
1 0

0 −1

)
. (2.10)

Finally, by substituting Eqs. (2.6) and (2.7) into Eq. (2.1), the Schrödinger equation
can be explicitly expressed as

i∂tΨ(x) =
∑
σ′

hσσ′(r,−i∇,S)Ψ(x) . (2.11)

2.2. Quantum Mechanics of Many Identical
Particles

For many identical particles, since it is impossible to distinguish which particle is at
which location, the position-spin kets are not always independent of each other. For
example, in the two-particle case, the normalized ket |xx′⟩ describes the same physical
state as |x′x⟩ and therefore can differ only by a phase factor,

|x′x⟩ = eiα|xx′⟩ . (2.12)

Applying this relation twice leads to eiα = ±1, where particles corresponding to eiα = +1

are called bosons, and those corresponding to eiα = −1 are called fermions. In the
following, we will always use upper and lower signs to refer to bosons and fermions,
respectively.

Generalizing to theN -particle case, one can verify that the position-spin ket |x1 · · ·xN⟩
satisfies

|xP (1) · · ·xP (N)⟩ = (±)P |x1 · · ·xN⟩ , (2.13)

where P is a permutation of (1, · · · , N) and (±)P is equal to 1 and ±1 for even and odd
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permutations, respectively. The inner product of two kets is given by

⟨x′
1 · · ·x′

N |x1 · · ·xN⟩ =
∑
P

(±)P
N∏
j=1

δ
(
x′
j − xP (j)

)

=

∣∣∣∣∣∣∣∣
δ(x′

1 − x1) · · · δ(x′
1 − xN)

... . . . ...
δ(x′

N − x1) · · · δ(x′
N − xN)

∣∣∣∣∣∣∣∣
±

, (2.14)

and the completeness relation reads

1

N !

∫
dx1 · · · dxN |x1 · · ·xN⟩⟨x1 · · ·xN | = 1̂ , (2.15)

where the normalization factor comes from the fact that, given all distinct coordinates,
there are N ! equivalent configurations leading to the same physical state.

The ket |Ψ⟩ can be expanded in this basis as

|Ψ⟩ = 1

N !

∫
dx1 · · · dxN |x1 · · ·xN⟩Ψ(x1, · · · ,xN) , (2.16)

where the wavefunction Ψ(x1, · · · ,xN) = ⟨x1 · · ·xN |Ψ⟩ is totally symmetric and anti-
symmetric for bosons and fermions, respectively. The normalization condition reads

1 = ⟨Ψ|Ψ⟩ = 1

N !

∫
dx1 · · · dxN |Ψ(x1, · · · ,xN)|2. (2.17)

In practice, one can construct the N -particle kets by (anti)symmetrizing products of
one-particle kets,

|x1 · · ·xN⟩ =
1√
N !

∑
P

(±)P |xP (1)⟩ · · · |xP (N)⟩ , (2.18)

which is referred to as first quantization. For the N -particle Hamiltonian, its non-
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interacting part can be expressed as

Ĥ0 =
N∑
j=1

ĥ(r̂j, p̂j, Ŝj)

= ĥ(r̂1, p̂1, Ŝ1)⊗ 1̂⊗· · ·⊗ 1̂+· · ·+ 1̂⊗· · ·⊗ 1̂⊗ ĥ(r̂N , p̂N , ŜN) , (2.19)

where ⊗ stands for the tensor product of operators acting on different particles. Simi-
larly, the interacting part can be written as

Ĥint =
1

2

N∑
i ̸=j

v(r̂i, r̂j) , (2.20)

each term of which acts only on a two-particle subspace and leaves the rest unchanged.
As a result, one can proceed by performing calculations with respect to each term
in Eq. (2.18), which results in cumbersome expressions with a large number of terms
differing only in the sign and the order of the coordinates. Another disadvantage is that
expressions here depend explicitly on the number of particles N , which is unfavorable
for dealing with systems with particle-number fluctuations. As we will show in the next
section, these issues can be resolved in the second quantization framework.

2.3. Second Quantization

2.3.1. Field operators

To deal with cases of arbitrarily many identical particles, we define a collection F of
Hilbert spaces, known as Fock space, according to

F = {H0,H1, · · · ,HN , · · · }, (2.21)

with HN being the Hilbert space of N identical particles. Since H0 is the space with
zero particles and has no degrees of freedom, there exists only one physical state, which
can be described by a normalized ket |0⟩.

For an arbitrary N -particle position-spin ket |x1 · · ·xN⟩, it can be generated by re-
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peatedly applying a so-called field operator ψ̂†(x) to |0⟩,

|x1 · · ·xN⟩ = ψ̂†(xN)|x1 · · ·xN−1⟩ = ψ̂†(xN) · · · ψ̂†(x1)|0⟩ . (2.22)

Defining the (anti)commutator between two operators Â and B̂ as [Â, B̂]∓ = ÂB̂∓ B̂Â,
the particle exchange relation (2.13) requires that

[ψ̂†(x), ψ̂†(y)]∓ = 0 . (2.23)

After defining the adjoint operator according to

⟨Ψ′|ψ̂(x)|Ψ⟩ = (⟨Ψ|ψ̂†(x)|Ψ′⟩)∗, (2.24)

one can immediately obtain the (anti)commutation relation of ψ’s,

[ψ̂(x), ψ̂(y)]∓ = 0 . (2.25)

Its action on an N -particle position-spin ket |y1 · · ·yN⟩ can be expressed as

ψ̂(x)|y1 · · ·yN⟩ =
N∑
k=1

(±)N+kδ(x− yk)|y1 · · ·yk−1yk+1 · · ·yN⟩, (2.26)

which removes a particle from each coordinate successively while keeping the final result
totally (anti)symmetric by adjusting the signs of the prefactors. Finally, it can be proved
that the annihilation and creation operators satisfy the (anti)commutation rule

[ψ̂(x), ψ̂†(y)]∓ = δ(x− y) . (2.27)

Although the field operators are completely defined by Eqs. (2.22) and (2.26), the same
information is also fully contained in the (anti)commutation relations (2.23), (2.25),
and (2.27), which can be more convenient in practice since one can directly manipulate
the kets using these relations, and the field operators automatically take care of the
symmetry of the kets.
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2.3.2. General basis states

2.3.2.1. Orthogonal basis

For a generic orthonormal one-particle ket |n⟩, where the quantum number n = (sτ)

consists of a generic orbital quantum number s and a spin projection τ along the same
axis as that of |x⟩ = |rσ⟩, the overlap between |n⟩ and |x⟩ is

φn(x) := ⟨x|n⟩ = φs(r)δτσ , (2.28)

with the orthonormality condition
∫
dxφ∗

n(x)φm(x) = δnm. By defining the creation/
annihilation operators associated with n as

d̂†n :=

∫
dxφn(x)ψ̂

†(x) , (2.29)

d̂n :=

∫
dxφ∗

n(x)ψ̂(x) , (2.30)

an arbitrary N -particle ket |n1 · · ·nN⟩ can be generated by

|n1 · · ·nN⟩ = d̂†nN
|n1 · · ·nN−1⟩ = d̂†nN

· · · d̂†n1
|0⟩ , (2.31)

and the actions of the annihilation operators can be expressed as

d̂n|n1 · · ·nN⟩ =
N∑
k=1

(±)N+kδnnk
|n1 · · ·nk−1nk+1 · · ·nN⟩ , (2.32)

which are completely analogous to Eqs. (2.22) and (2.26), with the index n playing the
role of x. Similarly, d’s and d†’s obey the same (anti)commutation relations

[d̂n, d̂
†
m]∓ = δmn , [d̂n, d̂m]∓ = [d̂†n, d̂

†
m]∓ = 0 . (2.33)

As a result, the N -particle ket |n1 · · ·nN⟩ has the symmetry property

|nP (1) · · ·nP (N)⟩ = (±)P |n1 · · ·nN⟩ , (2.34)
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the inner product expression

⟨n′
1 · · ·n′

N |n1 · · ·nN⟩ =
∑
P

(±)P
N∏
j=1

δn′
jnP (j)

, (2.35)

and the completeness relation

1

N !

∑
n1,··· ,nN

|n1 · · ·nN⟩⟨n1 · · ·nN | = 1̂ . (2.36)

The ket |Ψ⟩ can be expanded in this basis as

|Ψ⟩ = 1

N !

∑
n1,··· ,nN

|n1 · · ·nN⟩Ψ(n1, · · · , nN) , (2.37)

where the wavefunction Ψ(n1, · · · , nN) = ⟨n1 · · ·nN |Ψ⟩ is totally symmetric (antisym-
metric) for bosons (fermions), and the normalization condition reads

1 = ⟨Ψ|Ψ⟩ = 1

N !

∑
n1,··· ,nN

|Ψ(n1, · · · , nN)|2. (2.38)

Conversely, the field operators can be recovered from

ψ̂(x) =
∑
n

φn(x)d̂n , ψ̂†(x) =
∑
n

φ∗
n(x)d̂

†
n , (2.39)

their kets are related by

|x1 · · ·xN⟩ =
∑

n1,··· ,nN

φ∗
n1
(x1) · · ·φ∗

nN
(xN)|n1 · · ·nN⟩ , (2.40)

|n1, · · · , nN⟩ =
∫
dx1 · · · dxNφn1(x1) · · ·φnN

(xN)|x1 · · ·xN⟩ , (2.41)
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and their overlaps are given by the so-called Slater determinant

Ψn1···nN
(x1, · · · ,xN) :=⟨x1 · · ·xN |n1 · · ·nN⟩

=
∑
P

(±)Pφn1(xP (1)) · · ·φnN
(xP (N))

=

∣∣∣∣∣∣∣∣
φn1(x1) · · · φn1(xN)

... . . . ...
φnN

(x1) · · · φnN
(xN)

∣∣∣∣∣∣∣∣
±

. (2.42)

One can also transform from one orthonormal basis {|n⟩} to another orthonormal
basis {|α⟩} by

ĉα =
∑
n

Uαnd̂n , ĉ†α =
∑
n

U∗
αnd̂

†
n , with Uαn := ⟨α|n⟩ , (2.43)

and one can verify that all relations introduced in this section still hold.

2.3.2.2. Non-orthogonal basis

Suppose one has a complete but non-orthogonal basis {|α⟩}. Denote the overlap by
χα(x) := ⟨x|α⟩. One can still define the creation/annihilation operators [41]

ĉ†α :=

∫
dxχα(x)ψ̂

†(x) and ĉα :=

∫
dxχ∗

α(x)ψ̂(x) (2.44)

to create/annihilate state |α⟩, and the (anti)commutator with the field operator still
gives back the overlap,

[ψ̂(x), ĉ†α]∓ =

∫
dx′χα(x

′)[ψ̂(x), ψ̂†(x′)]∓ = χα(x) . (2.45)

However, their (anti)commutation relations now become

[ĉα, ĉ
†
β]∓ = Sαβ , [ĉα, ĉβ]∓ = [ĉ†α, ĉ

†
β]∓ = 0 , (2.46)
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where Sαβ = ⟨α|β⟩ is the overlap matrix. The inverse expressions are now

ψ̂(x) =
∑
α,β

χα(x)(S
−1)αβ ĉβ , ψ̂†(x) =

∑
α,β

ĉ†α(S
−1)αβχ

∗
β(x) , (2.47)

where we have utilized the identity operator∑
α,β

|α⟩(S−1)αβ⟨β| = 1̂ . (2.48)

In practice, it is usually more convenient to work in an orthogonal basis |n⟩. To
achieve this, one needs to find a transformation matrix T such that

|n⟩ =
∑
α

|α⟩Tαn with ⟨n|m⟩ = δnm . (2.49)

This implies that T †ST = 1, or equivalently S−1 = TT †, which does not uniquely
determine T .

Since S is a Hermitian and positive definite matrix, it can be diagonalized by a unitary
matrix U :

S = UsU † , (2.50)

where s is a diagonal matrix with positive diagonal entries. One commonly adopted
way is to use the so-called Löwdin symmetric orthogonalization [42]

T = S−1/2 = Us−1/2U † . (2.51)

It can minimize the modification of the basis vectors due to orthogonalization, i.e.,
it minimizes

∑
n ||
∑

α |α⟩(Tαn − δαn)||2. At the same time, numerical instability can
arise when basis sets have near-linear dependence, i.e., when s has near-zero diagonal
elements.

Another commonly adopted way is called canonical orthogonalization [43]

T = Us−1/2 . (2.52)

When there is near-linear dependence, one can truncate s = diag{s1 ≥ s2 ≥ · · · ≥ sN}
at sn0 according to a certain threshold and construct a truncated rectangular transfor-
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mation matrix T̃ of size N by n0. With this, one obtains n0 orthonormal basis sets by
discarding N − n0 sets with near-linear dependence, which circumvents the numerical
instability issue mentioned above.

For simplicity, in the following we will always work with the orthogonal basis men-
tioned in the previous section.

2.3.3. Hamiltonian

In second quantization, one can verify that the generic Hamiltonian with non-interacting
parts (2.19) and two-body interacting parts (2.20) can be expressed as [6]

Ĥ = Ĥ0 + Ĥint

=

∫
dxdx′ψ̂†(x)⟨x|ĥ|x′⟩ψ̂(x′)

+
1

2

∫
dxdx′v(x,x′)ψ̂†(x)ψ̂†(x′)ψ̂(x′)ψ̂(x) . (2.53)

In a generic orbital basis {|n⟩}, it can be re-expressed as

Ĥ =
∑
ij

hij d̂
†
i d̂j +

1

2

∑
ijkl

vijkld̂
†
i d̂

†
j d̂kd̂l , (2.54)

with
hij = ⟨i|ĥ|j⟩ =

∑
σσ′

∫
drφ∗

i (rσ)hσσ′(r,−i∇,S)φj(rσ
′) = h∗ji , (2.55)

vijkl =

∫
dxdx′φ∗

i (x)φ
∗
j(x

′)v(x,x′)φk(x
′)φl(x) . (2.56)

In research, two other notations are commonly used [4]: the physicists’ notation,
defined as

Ĥint =
1

2

∑
ijkl

v
(phys)
ijkl d̂†i d̂

†
j d̂ld̂k , (2.57)

with v
(phys)
ijkl =

∫
dxdx′φ∗

i (x)φ
∗
j(x

′)v(x,x′)φl(x
′)φk(x) , (2.58)
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and the chemists’ notation, defined as

Ĥint =
1

2

∑
ijkl

v
(chem)
ijkl d̂†i d̂

†
kd̂ld̂j , (2.59)

with v
(chem)
ijkl =

∫
dxdx′φ∗

i (x)φ
∗
k(x

′)v(x,x′)φl(x
′)φj(x) , (2.60)

which are related by
v
(phys)
ijkl = v

(chem)
ikjl . (2.61)

In practice, it is vitally important to keep the notation consistent throughout the entire
simulation.

Finally, in the absence of magnetic fields or spin-orbit coupling, Eq. (2.54) can be
re-expressed as

Ĥ =
∑
s1s2

∑
σ

hs1s2 d̂
†
s1σ
d̂s2σ +

1

2

∑
s1s2s3s4

∑
σσ′

vs1s2s3s4 d̂
†
s1σ
d̂†s2σ′ d̂s3σ′ d̂s4σ , (2.62)

and the two notations introduced above can be modified accordingly without difficulty.
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Chapter 3

Single-Particle Green’s Functions

This chapter introduces the single-particle Green’s functions used in this thesis. For
simplicity, we consider only equilibrium and nonequilibrium steady-state cases, in which
the real-time Green’s functions depend on a single time variable.

3.1. Definition

3.1.1. Imaginary-axis Green’s functions

To study a generic Hamiltonian Ĥ defined in Eq. (2.54), its equilibrium properties can
usually be more easily simulated on the imaginary axis [2, 3]. The imaginary-time
Green’s function is defined as

Gij(τ) = −⟨Tτ d̂i(τ)d̂†j⟩ =

{
−⟨d̂i(τ)d̂†j⟩ , τ > 0

∓⟨d̂†j d̂i(τ)⟩ , τ < 0
, (3.1)

where Tτ is the time-ordering operator with respect to τ , Ô(τ) = eτK̂Ôe−τK̂ is the
imaginary-time Heisenberg representation of Ô defined for−β ≤ τ ≤ β, with β being the
inverse temperature, and K̂ = Ĥ − µN̂ is the grand canonical Hamiltonian. Gij(τ < 0)

and Gij(τ > 0) are connected by the (anti)periodic relation

Gij(τ < 0) = ∓ 1

Z
Tr[e−βK̂ d̂†je

τK̂ d̂ie
−τK̂ ] = ∓ 1

Z
Tr[eτK̂ d̂ie

−τK̂e−βK̂ d̂†j]

= ∓ 1

Z
Tr[e−βK̂e(β+τ)K̂ d̂ie

−(β+τ)K̂ d̂†j] = ±Gij(β + τ) . (3.2)
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Therefore, in the following discussions, we will always assume τ ≥ 0 without loss of
generality. At the same time, since Gij(τ) is not well-defined at the endpoints 0 and
±β, it is advisable to use notation such as Gij(0

+) and Gij(β
−) instead of Gij(0) and

Gij(β) directly.
One can perform a Fourier transform of G(τ) to obtain the so-called Matsubara Green’s

function in imaginary frequency,

G(iων) =

∫ β

0

dτeiωντG(τ) , (3.3)

G(τ) =
1

β

+∞∑
ν=−∞

e−iωντG(iων) , (3.4)

where the Matsubara frequency iων is 2νπi/β for bosons and (2ν + 1)πi/β for fermions,
with ν being an integer. The difference in iων comes from the (anti)periodic relation
(3.2).

3.1.2. Real-axis Green’s functions

To obtain the physical interpretation and compare them to experimental measurements
such as angle-resolved photoemission spectroscopy (ARPES), however, one needs to
obtain the so-called retarded Green’s function

GRet
ij (t) = −iθ(t)⟨[d̂i(t), d̂†j]∓⟩ , (3.5)

where Ô(t) = eiK̂tÔe−iK̂t is the real-time Heisenberg representation of the operator Ô,
and θ(t) = 1 for t > 0 and 0 for t < 0 is the step function. The spectral function can
then be obtained from the imaginary part of its Fourier transform,

A(ω) = − 1

π
Im[Tr[GRet(ω)]] with GRet(ω) =

∫ +∞

−∞
dteiωtGRet(t) . (3.6)

The Green’s function (3.5) is “retarded” since it is non-vanishing only for t > 0. At the
same time, one can also define a function in the complementary time domain, t < 0,
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which is referred to as the advanced Green’s function

GAdv
ij (t) = +iθ(−t)⟨[d̂i(t), d̂†j]∓⟩ . (3.7)

The other Green’s functions that will be discussed in this thesis, although they are
not the main focus, include the time-ordered/anti-time-ordered Green’s functions GT (t)

/ GT̃ (t), the greater/lesser Green’s functions G>(t) / G<(t), and the Keldysh Green’s
function GK(t), which have the following definitions:

GT
ij(t) = −i⟨Ttd̂i(t)d̂

†
j⟩ , (3.8)

GT̃
ij(t) = −i⟨T−td̂i(t)d̂

†
j⟩ , (3.9)

G>
ij(t) = −i⟨d̂i(t)d̂

†
j⟩ , (3.10)

G<
ij(t) = ∓i⟨d̂

†
j d̂i(t)⟩ , (3.11)

GK
ij (t) = −i⟨[d̂i(t), d̂

†
j]±⟩ . (3.12)

3.2. Lehmann Representation
To facilitate the derivation of analytic properties in the next section, we expand the
above-mentioned Green’s functions in the eigenbasis of K̂, i.e., K̂|n⟩ = En|n⟩, to obtain
the so-called Lehmann representation. Its time-domain expressions have the following
form:

Gij(τ) = −
1

Z
∑
mn

e−βEmeτ(Em−En)v(i)mnv
(j)∗
mn , (3.13)(

GRet
ij (t)

GAdv
ij (t)

)
= − i

Z
∑
mn

(
θ(t)

−θ(−t)

)
(e−βEm ∓ e−βEn)fmn(t)v

(i)
mnv

(j)∗
mn , (3.14) GT

ij(t)

GT̃
ij(t)

 = − i

Z
∑
mn

(
θ(t)e−βEm ± θ(−t)e−βEn

θ(−t)e−βEm ± θ(t)e−βEn

)
fmn(t)v

(i)
mnv

(j)∗
mn , (3.15)

(
G>

ij(t)

G<
ij(t)

)
= − i

Z
∑
mn

(
+e−βEm

±e−βEn

)
fmn(t)v

(i)
mnv

(j)∗
mn , (3.16)

GK
ij (t) = −

i

Z
∑
mn

(e−βEm ± e−βEn)fmn(t)v
(i)
mnv

(j)∗
mn , (3.17)
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where fmn(t) = ei(Em−En)t and v
(i)
mn = ⟨m|d̂i|n⟩.

In addition, one can perform Fourier transforms to obtain the Lehmann representation
in the frequency domain:

Gij(iων) =
1

Z
∑
mn

e−βEm ∓ e−βEn

iων − (En − Em)
v(i)mnv

(j)∗
mn , (3.18)

G
Ret/Adv
ij (ω) =

1

Z
∑
mn

e−βEm ∓ e−βEn

ω ± i0+ − (En − Em)
v(i)mnv

(j)∗
mn , (3.19)

GT
ij(ω)

GT̃
ij(ω)

 =
1

Z
∑
mn

(
+e−βEm

±e−βEn

)
v
(i)
mnv

(j)∗
mn

ω + i0+−(En−Em)
−

(
±e−βEn

+e−βEm

)
v
(i)
mnv

(j)∗
mn

ω − i0+−(En−Em)
, (3.20)

(
G>

ij(ω)

G<
ij(ω)

)
= −2πi

Z
∑
mn

(
+e−βEm

±e−βEn

)
δ(ω − (En − Em))v

(i)
mnv

(j)∗
mn , (3.21)

GK
ij (ω) = −

2πi

Z
∑
mn

(e−βEm±e−βEn)δ(ω − (En − Em))v
(i)
mnv

(j)∗
mn , (3.22)

where infinitesimal damping factors have been introduced to make the Fourier trans-
forms convergent.

3.3. Analytic Properties

3.3.1. Complex Hermitian Hamiltonian

For a generic complex-valued Hermitian Hamiltonian Ĥ, different matrix elements of
G(τ > 0) are connected by

G∗
ji(τ) = −(⟨d̂j(τ)d̂

†
i⟩)∗ = −

1

Z
Tr[d̂ie

−τK̂ d̂†je
−(β−τ)K̂ ]

= − 1

Z
Tr[e−(β−τ)K̂ d̂ie

−τK̂ d̂†j] = −⟨d̂i(τ)d̂
†
j⟩ = Gij(τ) . (3.23)

Therefore, we have
[G(τ)]† = G(τ) . (3.24)
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At the endpoints, it has the properties

Gij(0
+)∓Gij(β

−) = Gij(0
+)−Gij(0

−) = −⟨[di, d†j]∓⟩ = −δij . (3.25)

At intermediate points 0 < τ < β, according to Eq. (3.13), its derivative for diagonal
elements can be expressed as

dkGii(τ)

dτ k
= − 1

Z
∑
mn

|v(i)mn|2e−βEmeτ(Em−En)(Em − En)
k , (3.26)

so that its even derivatives are always negative,

dkGii(τ)

dτ k
< 0 at any even k . (3.27)

To explore the analytic properties of G(iωn) and GRet/Adv(ω), we again utilize the
Lehmann representations (3.18) and (3.19), which clearly show that we can define a
generic Green’s function on the whole complex plane z ∈ Z

Gij(z) =
1

Z
∑
mn

e−βEm ∓ e−βEn

z − (En − Em)
v(i)mnv

(j)∗
mn , (3.28)

so that
GRet/Adv(ω) = G(z = ω ± i0+) and G(iων) = G(z = iων) . (3.29)

Therefore, one only needs to study the properties of G(z).
Denote En −Em ∈ R by ξ(r)l , where the superscript “r” stands for “real-valued”, and

the indices m and n have been combined into a single index l. Then Eq. (3.28) can be
written as

G(z) =
∑
l

A
(r)
l

z − ξ(r)l

, ξ
(r)
l ∈ R , (3.30)

where [A(r)
l ]ij =

1
Z (e

−βEm ∓ e−βEn)v
(i)
mnv

(j)∗
mn is the rank-1 matrix (excluding the Em = En

cases for bosons) corresponding to the weight of the simple pole ξ(r)l . Note that the
superscript “r” in A

(r)
l indicates that it is the weight corresponding to the real-valued

pole ξ(r)l ; it does not mean that the matrix itself is real-valued. For later convenience,
we can combine different ξ(r)l ’s that have the same value and discard those with zero
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weights A
(r)
l = 0. As a result, the form of G(z) is unchanged compared to Eq. (3.30),

but the summation is now over all distinct ξ(r)l ’s with non-zero weights A
(r)
l ̸= 0. Note

that after this combination, A(r)
l may no longer be a rank-1 matrix.

Denote vmn = (v
(1)
mn, · · · , v(N)

mn )T as the column vector consisting of v(i)mn. Then we have

A
(r)
l =

1

Z
∑

{m,n:Em−En=ξ
(r)
l }

(e−βEm ∓ e−βEn)vmnv
†
mn , (3.31)

which is always a Hermitian matrix, i.e., [A(r)
l ]† = A

(r)
l . In addition, since sgn(ξ(r)l )×

(e−βEm − e−βEn) and e−βEm + e−βEn are always non-negative, we can arrive at the
conclusion that sgn(ξ(r)l )A

(r)
l for bosons and A

(r)
l for fermions are always positive-

semidefinite matrices. In addition, A(r)
l satisfies the sum rules

∑
l

[A
(r)
l ]ij =

1

Z
∑
mn

(e−βEm ∓ e−βEn)⟨m|d̂i|n⟩⟨n|d̂†j|m⟩

=
1

Z

(∑
m

e−βEm⟨m|d̂id̂†j|m⟩ ∓
∑
n

e−βEn⟨n|d̂†j d̂i|n⟩

)
=

1

Z
∑
m

e−βEm⟨m|[d̂i, d̂†j]∓|m⟩

= δij , (3.32)

so that ∑
l

A
(r)
l = 1 . (3.33)

Note that in this derivation, the (anti)commutation rule [d̂i, d̂
†
j]∓ = δij has been utilized.

In practice, people sometimes also refer to even (odd) products of fermionic operators
as bosonic (fermionic) operators. In that case, the above-mentioned (anti)commutation
relation may no longer hold, and one thus needs to modify Eq. (3.32) accordingly.
For example, for bosonic operators n̂i = d̂†i d̂i, where d̂(†)i are fermionic operators, the
commutation relation becomes [n̂i, n̂j]− = 0, and therefore

∑
l A

(r)
l = 0.

As for G(z), it has the up-down symmetry

[G(z)]† =
∑
l

[A
(r)
l ]†

z∗ − ξ(r)l

∗ =
∑
l

A
(r)
l

z∗ − ξ(r)l

= G(z∗) , (3.34)
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which implies [G(iων)]
† = G(−iων) after setting z = iων and [GRet(ω)]† = GAdv(ω)

after setting z = ω + i0+. In addition, it has the following asymptotic behavior:

G(z) =

∑
l A

(r)
l

z
+O

(
1

z2

)
=

1

z
+O

(
1

z2

)
, z →∞ . (3.35)

By applying the so-called Sokhotski-Plemelj theorem 1
x±i0+

= ∓iπδ(x) + P( 1
x
) to

Eq. (3.30), where P(x) is the Cauchy principal value, we can arrive at the expression

G(ω ± i0+) =
∑
l

A
(r)
l

[
P

(
1

ω − ξ(r)l

)
∓ iπδ(ω − ξ(r)l )

]
. (3.36)

Define the Hilbert transform asHf(ω) = 1
π
P
∫ +∞
−∞ dω′ f(ω′)

ω−ω′ . By utilizing the properties of
the Hilbert transform, Hδ(x) = 1

πx
and HHf ≡ −f , the real and imaginary parts of the

retarded/advanced Green’s function satisfy the so-called Kramers-Kronig relations [44–
46]

ImGRet/Adv(ω) = ±HReGRet/Adv(ω) . (3.37)

At the same time, we can also define the so-called spectral density matrix

A(ω) =
∑
l

A
(r)
l δ(ω − ξ(r)l ) , (3.38)

which is connected to the spectral function A(ω) (3.6) by

A(ω) = Tr[A(ω)] =
∑
l

Tr[A
(r)
l ]δ(ω − ξ(r)l ) , (3.39)

to G(z) by

G(z) =

∫ +∞

−∞
dω

A(ω)

z − ω
=
∑
l

A
(r)
l

z − ξ(r)l

, (3.40)

and to G(τ) by

G(τ) = −
∫ +∞

−∞
dω

e−ωτ

1∓ e−βω
A(ω) = −

∑
l

A
(r)
l

e−ξ
(r)
l τ

1∓ e−βξ
(r)
l

. (3.41)

Finally, by utilizing the Lehmann representation introduced in Sec. 3.2, one can verify
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that the greater/lesser Green’s functions G>(ω) / G<(ω) and the Keldysh Green’s
function GK(ω) can also be expressed in terms of the spectral density matrix,

G>(ω)=−2πiA(ω)(1±n(ω)) =−2πi
∑
l

A
(r)
l (1±n(ξ(r)l ))δ(ω−ξ(r)l ), (3.42)

G<(ω)=∓2πiA(ω)n(ω) =∓2πi
∑
l

A
(r)
l n(ξ

(r)
l )δ(ω−ξ(r)l ), (3.43)

GK(ω)=−2πiA(ω)(1±2n(ω))=−2πi
∑
l

A
(r)
l (1±2n(ξ(r)l ))δ(ω−ξ(r)l ). (3.44)

3.3.2. Real symmetric Hamiltonian

In practice, one often deals with real-valued hij and vijkl in the Hamiltonian (2.54). In
this case, we can adopt the basis (2.31), i.e., without other complex-valued prefactors
of norm 1, so that the matrix representations of both Ĥ and d̂(†) are real-valued. Fur-
thermore, for a real symmetric matrix representation of Ĥ, we can always restrict the
eigenvectors to be real-valued. As a result, the whole calculation can be performed using
real numbers.

The analytic properties introduced in the previous section can also be simplified ac-
cordingly. For example, G(τ), A(r)

l , and A(ω) are now all real symmetric, and G(z) is
now symmetric,

[G(z)]T =
∑
l

[A
(r)
l ]T

z − ξ(r)l

=
∑
l

A
(r)
l

z − ξ(r)l

= G(z) , (3.45)

although Im[G(z)] may be non-zero. In addition, the spectral density matrix can now
be obtained from

A(ω) = − 1

π
Im[G(ω + i0+)] . (3.46)

Note that this equation is not always true for a generic complex Hermitian Hamiltonian,
since the off-diagonal elements of A(r)

l could be non-real.
For simplicity, we will assume that the matrix representation of Ĥ is real symmetric

throughout this thesis, unless otherwise specified.
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Chapter 4

Prony-Like Methods

In this chapter, we introduce Prony-like methods, which provide an essential foundation
for the remaining chapters and will be used repeatedly throughout this thesis.

4.1. Introduction
Prony’s interpolation method [47] is a signal-processing technique originally proposed to
decompose a uniformly sampled real-time signal f(t) into a sum of decaying oscillatory
signals. It constructs an interpolation of the form

f(t) =
∑
i

Aie
−αit cos(ωit+ ϕi) , (4.1)

estimating the amplitude Ai, damping factor αi, angular frequency ωi and phase ϕi of
a damped sinusoidal signal. After these real-valued variables are incorporated into the
complex-valued variables Ri and si, the equation can be rewritten as

f(t) =
M∑
i=1

Rie
sit , (4.2)

where M is a positive integer. Thus, Prony’s method decomposes functions into sums
of complex exponentials. In practice, Prony’s interpolation method is numerically un-
stable [48].

Rather than an interpolation problem, we consider here the related approximation
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problem: given N values of f(t) sampled uniformly on a finite interval [a, b] and given a
target precision ε > 0, find a set of complex weights Ri and complex nodes zi such that∣∣∣∣∣fk −

M∑
i=1

Riz
k
i

∣∣∣∣∣ ≤ ε for any 0 ≤ k ≤ N − 1 , (4.3)

where fk = f(a+ k∆t), zi = esi∆t, with ∆t = (b− a)/(N − 1), and the extra prefactor
esia has been absorbed into Ri.

Several numerical methods have been developed to estimate M , Ri and zi from pos-
sibly noise-contaminated data fk. These include the Prony approximation method [49,
50], the Matrix Pencil Method [51–53], and the Estimation of Signal Parameters via
Rotational Invariance Techniques (ESPRIT) [53, 54]. All of these methods can be un-
derstood as Prony-like methods [53].

4.2. Prony Approximation Method
Suppose the number of sampling points N = 2N0 +1 is odd. According to Ref. [49], we
can construct an (N0 +1)× (N0 +1) complex-valued symmetric Hankel matrix H with
elements Hij = fi+j for 0 ≤ i, j ≤ N0. Let {σ,u} be the c-eigenpair of the matrix, that
is, Hu = σū. Assuming that the polynomial Pu(z) =

∑N0

n=0 unz
n has N0 distinct roots

{z1, · · · , zN0}, which is always numerically achievable, and after choosing an integer
L ≥ 2N0 + 1, there exists a unique vector {R1, · · · , RN0} such that

fk =

N0∑
i=1

Riz
k
i + σd

(L)
k for all 0 ≤ k ≤ N − 1 , (4.4)

where d(L)k = 1
L

∑L−1
l=0 d̃

(L)
l exp(2πikl/L) is the inverse discrete Fourier transform of the

unit-norm variables d̃(L)l = Pū(exp(−2πil/L))/Pu(exp(2πil/L)) and thus has norm no
larger than 1. Therefore, we obtain an approximation whose error is always controlled
by σ, namely, ∣∣∣∣∣fk −

N0∑
i=1

Riz
k
i

∣∣∣∣∣ ≤ σ for all 0 ≤ k ≤ N − 1 . (4.5)
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Consequently, for any prescribed accuracy ε, as long as we can find suitable σ, the
approximation can be made controlled.

One of the most powerful features of this method is that when f(t) is a damping
function that approaches 0 as t → +∞, only M ∝ ln(1/σ) nodes have weights larger
than σ [49]. Therefore,

∑M
i=1Riz

k
i can also provide good approximations to fk with error

control. In practice, we find that solving either the N0 × N0 or the M ×M system in
Eq. (4.4) to determine the weights is unstable. However, if f(t) is a damping function,
the M significant nodes can be predetermined by retaining only the nodes inside the
unit disk. Solving the overdetermined N ×M problem

fk ≈
M∑
i=1

Riz
k
i for 0 ≤ k ≤ N − 1 (4.6)

by least-square fits is then stable. In addition, although σ should be a c-eigenvalue ac-
cording to Ref. [49], which can be obtained from the Autonne–Takagi factorization [55],
we find that using the singular value from singular value decomposition (SVD) gives
equally good approximations.

4.3. ESPRIT Algorithm

4.3.1. Scalar-valued ESPRIT

The ESPRIT algorithm [53, 54] is a method for estimating signal parameters through
the rotational invariance property of the Hankel matrix. It utilizes the SVD of an
(N − L)× (L+ 1) Hankel matrix

H =


f(t0) f(t1) · · · f(tL)

f(t1) f(t2) · · · f(tL+1)
... ... . . . ...

f(tN−L−1) f(tN−L) · · · f(tN−1)

 (4.7)

expressed as
H = UΣW , (4.8)

28



where U and W are unitary matrices of dimensions (N−L)×(N−L) and (L+1)×(L+1),
respectively. The matrix Σ is a rectangular diagonal matrix of size (N − L)× (L+ 1),
whose diagonal elements are ordered as σ1 ≥ σ2 ≥ · · · ≥ σL+1 ≥ 0. In practice, L
is typically chosen between N/3 and N/2 to minimize variance [52]. Throughout our
implementation, we set L = 2N/5 unless otherwise stated.
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Figure 4.1: Two representative patterns of singular-value distributions at a relative
noise level of 10−6. (a) The exact function can be represented exactly
as a sum of three exponentials. (b) The exact function cannot be
represented exactly as a finite sum of exponentials. The optimal values
of M are 3 for panel (a) and approximately 6 for panel (b).

Given a target tolerance ε, the number of exponentials M is estimated as the smallest
index satisfying σM+1 < εabs or σM+1/σ1 < εrel, where εabs and εrel are the absolute and
relative precisions, respectively. As illustrated in Fig. 4.1, when ε is unknown, one may
also attempt to determine ε and σM+1 automatically from the distribution of singular
values. This truncation ensures that a minimal number of exponentials is obtained.
Next, the nodes zi are determined as the eigenvalues of the matrix

F = (W T
0 )+W T

1 , (4.9)

where T denotes the transpose, + represents the pseudo-inverse, and W0 and W1 are
extracted from the matrix W as

Ws = W (1 :M, 1 + s : L+ s), s = 0, 1, (4.10)
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where both the row and column indices run from 1 to L+1. Finally, the weights Ri are
obtained by solving the overdetermined least-squares Vandermonde system

f(t0)

f(t1)
...

f(tN−1)

=


1 1 · · · 1

z1 z2 · · · zM
... ... . . . ...

zN−1
1 zN−1

2 · · · zM



R1

R2

...
RM

 . (4.11)

Thus, all sampled data are approximated within the tolerance ε using a minimal number
of exponentials.

The ESPRIT algorithm is closely related to the Matrix Pencil Method [51–53], another
well-known algorithm in signal processing. The main difference is that the Matrix
Pencil Method employs a QR decomposition of the Hankel matrix rather than an SVD
decomposition [56]. For this reason, we do not provide a separate introduction to the
Matrix Pencil Method in this thesis.

4.3.2. Matrix-valued extension

4.3.2.1. Description

In cases where the sampled function is matrix-valued, a generalization of ESPRIT to
matrix-valued functions [39] can be applied. We consider a generalization of Eq. (4.3)
to the following matrix-valued form:∥∥∥∥∥fk −

M∑
i=1

Riz
k
i

∥∥∥∥∥ ≤ ε for any 0 ≤ k ≤ N − 1 , (4.12)

where the norm ∥·∥ of a matrix f is defined as maxij |fij|, both fk and Ri are norb×norb

matrices, and all elements of Ri share the same node zi. In this section, we summarize
the main aspects of the algorithm. Detailed derivations are provided in the next section
for completeness.

Instead of directly operating on matrix-valued objects, we first flatten the norb× norb

matrices fk and Ri into column vectors f⃗k and R⃗i of size n2
orb. The generalized ESPRIT

method then introduces an auxiliary parameter L, which is typically chosen between
N/3 and N/2 to minimize variance [52], and utilizes the SVD of the n2

orb(N − L) by
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L+ 1 matrix

H =


f⃗0 f⃗1 · · · f⃗L

f⃗1 f⃗2 · · · f⃗L+1

... ... . . . ...
f⃗N−L−1 f⃗N−L · · · f⃗N−1

 (4.13)

as
H = UΣW , (4.14)

where U and W are n2
orb(N − L) by n2

orb(N − L) and L+ 1 by L+ 1 unitary matrices,
respectively, and Σ is a rectangular diagonal matrix of size n2

orb(N − L) by L + 1 with
diagonal elements σ1 ≥ σ2 ≥ · · · ≥ σL+1 ≥ 0.

The number of nodes M is estimated as the smallest number such that σM+1 is below
the prescribed precision ε, i.e.,

σM+1 < εabs or σM+1/σ1 < εrel , (4.15)

where εabs and εrel are the absolute and relative precisions, respectively, which are limited
either by the noise level of f⃗ or by machine precision. The truncation to the minimum
number of relevant singular values ensures that a minimal number of exponentials is
obtained, thereby regularizing the continuation problem. The nodes zi are then obtained
as the eigenvalues of the matrix F :

F = (W T
0 )+W T

1 , (4.16)

where + denotes the pseudo-inverse, T denotes the transpose, and W0 and W1 are
obtained from the first M rows of W by deleting the last and first columns, respectively,
as mentioned before. Explicitly, they are expressed as

Ws = W (1 :M, 1 + s : L+ s), s = 0, 1. (4.17)

Finally, the vectorized weights R⃗i are recovered by solving the overdetermined least-
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squares Vandermonde system
f⃗T
0

f⃗T
1
...

f⃗T
N−1

 =


1 1 · · · 1

z1 z2 · · · zM
... ... . . . ...

zN−1
1 zN−1

2 · · · zN−1
M



R⃗T

1

R⃗T
2
...
R⃗T

M

 (4.18)

and are reshaped into norb × norb matrices Ri. In this way, all sampled data fk are
approximated within the error tolerance ε by the smallest number of exponentials. By
varying k continuously over [0, N − 1], we obtain an approximation over the continuous
interval in the form of Eq. (4.2),

f(t) ≈
M∑
i=1

Ri exp

{
ln zi
∆t

(t− a)
}
, t ∈ [a, b] . (4.19)

To summarize, the matrix-valued ESPRIT algorithm works as follows:

Algorithm 1 Matrix-valued ESPRIT algorithm
Require: Input data {f0,f1, · · · ,fN−1} sampled on a uniform grid.
Ensure: A minimal number M , corresponding nodes {z1, . . . , zM} and matrix-valued

weights {R1, . . . ,RM}.
1: Construct the matrix H according to Eq. (4.13).
2: Compute the SVD of H as described in Eq. (4.14).
3: Determine the truncation rank M using Eq. (4.15).
4: Form the matrix F using Eq. (4.16).
5: Compute the eigenvalues {z1, . . . , zM} of F .
6: Solve Eq. (4.18) to obtain {R1, . . . ,RM}.

4.3.2.2. Proof

To conclude this chapter, we provide detailed mathematical derivations of the matrix-
valued ESPRIT algorithm. The generalization of ESPRIT to matrix-valued systems [39]
follows a similar idea to that presented in Ref. [36] as a matrix-valued generalization of
the scalar-valued Prony method of Ref. [37].

The objective is to approximate a matrix-valued function using a linear combination
of shared exponentials based on its samples on a uniform grid. For simplicity, we flatten
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the norb × norb matrices into column vectors of length n2
orb (denoted by →) and express

the approximation as

f⃗k = f⃗ exact
k + n⃗k ≈

M∑
i=1

R⃗iz
k
i + n⃗k for k = 0, 1, · · · , N − 1 , (4.20)

where f⃗ is the sampled signal, f⃗ exact is the exact signal, n⃗ is the noise, zi is the i-th
exponential shared by all matrix elements, and R⃗i are the corresponding weights.

Noise-free case: In the noise-free case, i.e., n⃗ ≡ 0, define the matrix

H =


f⃗0 f⃗1 · · · f⃗L

f⃗1 f⃗2 · · · f⃗L+1

... ... . . . ...
f⃗N−L−1 f⃗N−L · · · f⃗N−1


n2
orb(N−L)×(L+1)

. (4.21)

If we extract two submatrices from H by deleting the last and first columns, respectively:

H0 = H [:, 1 : L] =


f⃗0 f⃗1 · · · f⃗L−1

f⃗1 f⃗2 · · · f⃗L
... ... . . . ...

f⃗N−L−1 f⃗N−L · · · f⃗N−2


n2
orb(N−L)×L

, (4.22)

H1 = H [:, 2 : (L+ 1)] =


f⃗1 f⃗2 · · · f⃗L

f⃗2 f⃗3 · · · f⃗L+1

... ... . . . ...
f⃗N−L f⃗N−L+1 · · · f⃗N−1


n2
orb(N−L)×L

, (4.23)

then it can be verified that

H0 = Z1RZ2 (4.24)
H1 = Z1RZ0Z2 (4.25)
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with the following definitions:

Z1 =


1 1 · · · 1

z11 z21 · · · zM1
... ... . . . ...

zN−L−1
1 1 zN−L−1

2 1 · · · zN−L−1
M 1


n2
orb(N−L)×n2

orbM

, (4.26)

R =


R⃗1

R⃗2

. . .
R⃗M


n2
orbM×M

, (4.27)

Z0 =


z1

z2
. . .

zM


M×M

, (4.28)

Z2 =


1 z1 · · · zL−1

1

1 z2 · · · zL−1
2

... ... . . . ...
1 zM · · · zL−1

M


M×L

, (4.29)

where 1 in Eq. (4.26) denotes an identity matrix of size n2
orb × n2

orb.
As a result, we have

H1 − λH0 = Z1R(Z0 − λ1M×M)Z2, (4.30)

so that solving for zi is equivalent to solving the ordinary eigenvalue problem

H+
0 H1 − λ1 , (4.31)

where + represents the pseudo-inverse, as mentioned above.

34



Noisy case: In the noisy case, we apply the SVD to the matrix H as follows:

H = UΣV † , (4.32)

where † denotes the Hermitian transpose, U is an n2
orb(N − L) × n2

orb(N − L) matrix,
Σ = diag(σ1, σ2, . . . , σL+1) is an n2

orb(N − L) × (L + 1) matrix, and V = [v1, . . . , vL+1]

is an (L+ 1)× (L+ 1) matrix. To filter the noise, we truncate at

σM+1 ≈ absolute noise level or σM+1/σ1 ≈ relative noise level . (4.33)

Thus, we have

H0 = UΣ′V ′†
0 (4.34)

H1 = UΣ′V ′†
1 , (4.35)

where Σ′ = diag(σ1, σ2, · · · , σM) is an n2
orb(N − L) ×M matrix, and V ′

0 and V ′
1 are

obtained from V ′ = [v1, v2, · · · , vM ] by deleting the last and first rows, respectively.
Specifically, V ′

0 = V ′[1 : L, 1 : M ] and V ′
1 = V ′[2 : (L + 1), 1 : M ]. As a result, solving

for the eigenvalues of H1−λH0 is equivalent to solving for the eigenvalues of V ′†
1 −λV

′†
0 ,

which ultimately reduces to solving for the eigenvalues of

V ′†
1 (V ′†

0 )+ − λ1M×M , (4.36)

which is equivalent to solving for the eigenvalues of Eq. (4.16) since W = V † and the
eigenvalues of an arbitrary matrix A are the same as those of AT .

After extracting the nodes z1, . . . , zM from Eq. (4.36), the corresponding weights can
be computed from

f⃗T
0

f⃗T
1
...

f⃗T
N−1


N×n2

orb

=


1 1 · · · 1

z1 z2 · · · zM
... ... . . . ...

zN−1
1 zN−1

2 · · · zN−1
M


N×M


R⃗T

1

R⃗T
2
...
R⃗T

M


M×n2

orb

, (4.37)

which can then be reshaped into norb × norb matrices Ri.
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Further generalization: Before concluding this section, we point out that similar ideas
can be applied to generalize other Prony-like methods. Furthermore, the generaliza-
tion is not limited to matrix-valued cases. Implementations for both vector-valued and
tensor-valued cases are straightforward, as only the vectorized form is used in both the
Hankel matrix (4.21) and the Vandermonde system (4.37).
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Chapter 5

Complex Pole Representation for
Green’s Functions

In this chapter, we provide a detailed analysis of the complex pole representation for
Green’s functions, which motivates the developments in the following chapters.

5.1. G(z) on the Complex Plane

5.1.1. Complex pole representation

As discussed in Ch. 3, Matsubara, retarded, and advanced Green’s functions can be
uniformly expressed in terms of a generic Green’s function defined on the whole complex
plane; see Eq. (3.30). For simplicity, we first focus on the single-orbital case without
spin-orbit coupling. In this case, G(z) is scalar-valued. According to Eq. (3.30), G(z)
has singularities only on the real axis. At any other point z with Imz ̸= 0, G(z) is
analytic. For a finite-size system, there are only finitely many real-valued simple poles,
corresponding to delta peaks in the spectral function, and these can be represented
numerically in a straightforward way. However, the more interesting cases, which are
the main focus of this thesis, are infinitely large systems. In practice, such systems
may arise, for example, by imposing periodic boundary conditions on a lattice or by
coupling an impurity to an infinitely large bath. In these cases, the singularities are
usually continuous. This means that there are infinitely many real poles, and the sum
over poles in Eq. (3.30) should be replaced by an integral, leading to branch cuts on the
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Figure 5.1: Illustration of G(z) on the complex plane. Green triangles and lines
represent the simple poles and branch cuts in the exact representa-
tion, while red crosses indicate the locations of complex poles used to
approximate G(z) in the upper half plane.

real-frequency axis. Consequently, the spectral function becomes broadened. Although
poles on the real axis no longer provide good approximations, one may expect that a
small number of poles away from the real axis can still approximate the spectral function
well. This expectation is also motivated by the concept of scattering resonances [57].

Specifically, we construct the following ansatz to approximate G(z) in the upper half
plane:

G(z) =
M∑
l=1

Al

z − ξl
for Imz > 0 , (5.1)

where Al and ξl are now complex-valued. The retarded Green’s function can be obtained
from GRet(ω) = G(ω + i0+). One can verify that all poles with Imξl ≤ 0 give the
correct Kramers–Kronig relation (3.37) for GRet(ω), whereas poles with Imξl > 0 do
not. Therefore, the poles must be restricted to the lower half plane, including the real
axis. Fig. 5.1 illustrates the locations of the actual singularities and the complex poles
in the approximant (5.1) for Imz > 0.

As will be illustrated in Ch. 8, once complex-valued pole weights are allowed, conti-
nuous spectra can indeed be approximated by a small number of poles with controlled
error. Here, we provide some qualitative justification for this approximation. We note
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|ReAl|

Re ξl

| Im ξl|

ImAl

Figure 5.2: Illustration of peaks generated by complex-valued Al and ξl. The
black dashed line represents an ordinary Lorentzian peak (ImAl = 0),
while the red solid line represents the corresponding asymmetric peak
(ImAl ̸= 0). Here, Re ξl determines the peak center, and Im ξl controls
the half-width. For fixed width, the peak height is controlled by ReAl,
which scales the peak in the vertical direction, while the asymmetric
component is controlled by ImAl.

that a broadened peak has four main features: the location of its center, its width, its
height, and its asymmetric component with respect to the center. Substituting Eq. (5.1)
into Eq. (3.6), we obtain

A(ω) =
∑
l

1

π

(ReAl)(− Im ξl) + (− ImAl)(ω − Re ξl)

(ω − Re ξl)2 + (Im ξl)2
. (5.2)

As shown in Fig. 5.2, each part of Al and ξl has a specific role: Re ξl determines the
location of the center, Im ξl determines the degree of broadening, i.e., the width, ReAl

scales the peak and thus controls its height, and finally, ImAl determines the asymmetric
part of the peak, which describes the deviation from a standard Lorentzian peak. Since
the main features of a peak can all be captured by a complex-valued weight and location,
it is reasonable to expect that continuous spectral functions can be well approximated

39



by a small number of such peaks, represented by poles with complex-valued weights
and locations. We denote these peaks as generalized Lorentzians. Note that allowing
ImAl ̸= 0 is essential here. If we set ImAl = 0, the peaks reduce to ordinary Lorentzians,
which are not well suited for approximating spectral functions. One reason is that
Lorentzians have slowly decaying tails. The broader the Lorentzian peak is, the more
slowly its tail decays, and therefore it cannot efficiently approximate spectral functions
with broadened peaks and fast-decaying tails. In contrast, allowing ImAl ̸= 0 introduces
negative components into each individual peak. Although a single such peak does not
necessarily preserve the positivity of the spectral function, a sum of such peaks can still
do so. Moreover, these peaks can cancel one another in the long-tail region, so that
spectral functions with broadened peaks and fast-decaying features can be accurately
represented.

A similar analysis can be carried out for G(z) with Imz < 0, where only poles in the
upper half plane are allowed. Combining the two cases, the full expression of G(z) on
the whole complex plane can be written as

G(z) = θ(Imz)
M∑
l=1

A
(dn)
l

z − ξ(dn)l

+ θ(−Imz)
M∑
l=1

A
(up)
l

z − ξ(up)l

, (5.3)

where ξ(dn)l and ξ
(up)
l represent poles in the lower and upper half planes, respectively,

and the up-down symmetry (3.34) enforces [A
(up)
l ]∗ = A

(dn)
l and [ξ

(up)
l ]∗ = ξ

(dn)
l .

Before concluding this section, we mention that although the complex pole represen-
tation works well for G(z), it does not work well for G(τ) because of the step function
in Eq. (5.3). More specifically, although real poles lead G(τ) to a sum of real expo-
nentials; see Eq. (3.41), complex poles do not lead to a sum of complex exponentials.
Suppose one could use a sum of complex exponentials to fit G(τ). The symmetry would
then require that, after Fourier transformation, they correspond to complex-conjugate
pairs of complex poles. However, doing so would violate the Kramers–Kronig relation
(3.37), and evaluating the spectral function from Eq. (3.6) would give zero as long as the
poles have nonzero imaginary parts. This invalidates the complex pole representation
for G(τ).
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5.1.2. Analysis on the complex pole representation

In this section, we examine the complex pole representation (5.3) in more detail. We
begin with causality: GRet(t) vanishes for t < 0, whereas GAdv(t) vanishes for t > 0. This
property is automatically guaranteed in the complex pole representation. According to
the residue theorem, to evaluate GRet(t) for t < 0 or GAdv(t) for t > 0, one must close
the real-frequency contour with an infinitely large semicircle in the upper half plane
or lower half plane, respectively. Since GRet(ω) and GAdv(ω) contain poles only in the
lower and upper half planes, respectively, the corresponding contour integral vanishes.
Therefore, causality is automatically satisfied.

Next, we take the fermionic case as an example to examine the positivity of the
spectral function in this complex pole representation. According to Ch. 3, the spectral
function A(ω) is non-negative for any frequency ω. This property is readily achieved in
the real pole representation (3.38), since it is sufficient to require each nonzero weight
A

(r)
l > 0. This representation is also robust against small perturbations, since as long

as the perturbation satisfies |∆A(r)
l | < A

(r)
l , each peak remains positive. The situation

becomes more complicated in the complex pole representation (5.2), because different
peaks may overlap, and although a single peak may contain negative parts, the to-
tal spectral function can still be non-negative everywhere on the real-frequency axis.
However, positivity is no longer robust against small perturbations.

Let us demonstrate this point with a simple example. Suppose there are two poles
ξ
(dn)
1 = −x− iy, ξ(dn)2 = x− iy, A(dn)

1 = a− ib and A
(dn)
2 = a+ ib, with x, y, a, b being

positive numbers. It is straightforward to verify that each peak is not always positive,
but the total spectral function

A(ω) =
2

π

(ay − bx)ω2 + (ay + bx)(x2 + y2)

[(ω + x)2 + y2][(ω − x)2 + y2]
(5.4)

is always positive as long as b
a
≤ y

x
. However, if, for example, we perturb A

(dn)
2 to

(a+∆a) + i(b+∆b), then the spectral function changes to

A(ω) =
1

π

−∆b× ω3 +O(ω2)

[(ω + x)2 + y2][(ω − x)2 + y2]
. (5.5)

Since ω3 is an odd function, as long as ∆b ̸= 0, there always exists a frequency ω0
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such that A(ω0) < 0. Note that this conclusion is independent of the magnitude of
∆b. Thus, positivity of A(ω) in the complex pole representation is not robust. In
simulations, since we cannot distinguish ∆b = 0 from 0 < |∆b| < ε, where ε is the
machine precision, we cannot determine whether A(ω) is strictly positive or contains
potentially very small negative parts. This suggests that there is no numerically robust
criterion for determining whether a given set of complex poles {Al, ξl} produces a strictly
positive spectral function.

The above discussion shows that it is not meaningful, for example, to fix {ξl} and
optimize {Al} so that A(ω) is strictly positive on an optimization grid, because A(ω)
may easily become negative at other points. Based on this observation, we only aim
to find a spectral function that is close to the exact spectral function, |Aapprox(ω) −
Aexact(ω)| < ε, regardless of whether it is strictly positive. Here, ε is a small positive
number controlling the error. As long as this approximation is controlled, the spectral
function represented by the complex pole representation is visually positive, i.e., it cannot
be distinguished by eye from a strictly positive spectral function. Since we do not
wish to impose additional restrictions to enforce positivity, we seek a procedure that
automatically leads to a visually positive spectral function. To achieve this, we use the
maximum modulus principle in complex analysis, which states that if two functions are
analytic in a connected open set, their maximal absolute difference must occur on the
boundary. Taking the upper half plane as the connected open set, this implies that if
we want the spectral function to be controlled, the approximated G(z) must also be
controlled at all points in the upper half plane. Suppose we are only able to sample
G(z) on a discrete grid, such as the Matsubara points. Then, to obtain a controlled
approximation for the spectral function, one must ensure that |Gapprox(iy)−Gexact(iy)|
is controlled not only at iy = iων , but also between adjacent sampling points, i.e., for
iy ∈ (iων , iων+1). If this condition is not satisfied, the recovered spectral function cannot
be controlled. At first glance, this condition may seem impossible to achieve, since
one can always add another function to G(z) whose zeros are located at the sampling
points. This would leave the sampling data unchanged while modifying G(z) between
the sampling points. Does this mean that the spectral function can never be recovered
in a controlled way? No, because we only care about those G(z)’s with physical meaning.
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More specifically, for fermions, we have

−ImG(iy) =
∑
l

y

y2 + ξ
(r)2
l

A
(r)
l . (5.6)

Since A
(r)
l are positive, the imaginary part of G(iy) with y > 0 is simply a sum of

positive contributions in the same direction, with no cancellations. This implies a sense
of “least oscillation”. A similar statement holds for bosons, since in that case we have

−ReG(iy) =
∑
l

|ξ(r)l |
y2 + ξ

(r)2
l

sgn(ξ(r)l )A
(r)
l , (5.7)

and sgn(ξ(r)l )A
(r)
l are positive. This observation motivates a technique for determining

which Matsubara points are undersampled and which are oversampled. Although the
sampling may be insufficient near the initial frequency, the slowly decaying nature of
G(z), c.f. Eq. (3.35), ensures that the Matsubara points quickly become oversampled as
iων increases. For these oversampled points, as shown later, one can achieve a controlled
approximation between adjacent sampling points.

Before concluding this section, we mention another common concern for real-frequency
approximations. Sometimes the spectral function contains singularities, causing any rep-
resentation composed of smooth functions, including the complex pole representation,
to fail exactly at the singular points. However, as we show in later chapters, when
complex poles are used to approximate spectral moments instead of spectral shapes, the
approximated spectral function automatically wraps around the singularity and repro-
duces equally good spectral moments. Therefore, calculations based on these complex
poles can still work accurately.

The considerations in this section serve as the main motivations for the projects
presented in later chapters, where more technical details will be discussed.

5.1.3. Matrix-valued extension

Before concluding the discussion of the complex pole representation of the generalized
Green’s function on the whole complex plane, we present its matrix-valued extension
for reference and for later convenience.
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For a system with multiple orbitals, G(z) becomes a matrix. In this case, one can, of
course, approximate each matrix element using Eq. (5.3). However, in practice, we find
that it is usually beneficial to allow different elements to share the same set of complex
poles while having their own complex-valued weights. This leads to the ansatz

G(z) = θ(Imz)
M∑
l=1

A
(dn)
l

z − ξ(dn)l

+ θ(−Imz)
M∑
l=1

A
(up)
l

z − ξ(up)l

, (5.8)

where the symmetry relations become [A
(up)
l ]† = A

(dn)
l and [ξ

(up)
l ]∗ = ξ

(dn)
l . The analysis

discussed in Sec. 5.1.2 still largely applies, with positive sgn(ξ(r)l )A
(r)
l or A(r)

l replaced
by positive semidefinite sgn(ξ(r)l )A

(r)
l or A

(r)
l , respectively.

The retarded and advanced Green’s functions can then be written explicitly as

GRet(ω) =
M∑
l=1

A
(dn)
l

ω − ξ(dn)l

, GRet(t) = −iθ(t)
M∑
l=1

A
(dn)
l e−iξ

(dn)
l t , (5.9)

GAdv(ω) =
M∑
l=1

A
(up)
l

ω − ξ(up)l

, GAdv(t) = iθ(−t)
M∑
l=1

A
(up)
l e−iξ

(up)
l t . (5.10)

5.2. Other Green’s Functions
Following a similar idea, other Green’s functions can also be well approximated in terms
of complex poles and complex weights:

G>(ω) =

M1∑
l=1

(
A

>(dn)
l

ω − ξ>(dn)
l

+
A

>(up)
l

ω − ξ>(up)
l

)
, (5.11)

G<(ω) =

M2∑
l=1

(
A

<(dn)
l

ω − ξ<(dn)
l

+
A

<(up)
l

ω − ξ<(up)
l

)
, (5.12)

GT (ω) =

M1∑
l=1

A
>(dn)
l

ω − ξ>(dn)
l

+

M2∑
l=1

A
<(up)
l

ω − ξ<(up)
l

, (5.13)

GT̃ (ω) =

M2∑
l=1

A
<(dn)
l

ω − ξ<(dn)
l

+

M1∑
l=1

A
>(up)
l

ω − ξ>(up)
l

, (5.14)
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GK(ω) =

M3∑
l=1

(
A

K(dn)
l

ω − ξK(dn)
l

+
A

K(up)
l

ω − ξK(up)
l

)
, (5.15)

where [A
•(up)
l ]† = −A•(dn)

l and [ξ
•(up)
l ]∗ = ξ

•(dn)
l for any • ∈ {>, <, K}. In deriving

the expressions for GT (ω) and GT̃ (ω), we have used the relations GT (t) = θ(t)G>(t) +

θ(−t)G<(t) and GT̃ (t) = θ(t)G<(t) + θ(−t)G>(t), together with the fact that only
{A•(dn)

l , ξ
•(dn)
l } contributes to G•(t) for t > 0, while only {A•(up)

l , ξ
•(up)
l } contributes

for t < 0. When ξ
>(dn)
l , ξ<(dn)

l and ξ
K(dn)
l all coincide, their weights satisfy A

K(dn)
l =

A
>(dn)
l + A

<(dn)
l , or equivalently A

K(up)
l = A

>(up)
l + A

<(up)
l , according to the relation

GK(t) = G>(t) +G<(t).
One can also perform a Fourier transform to obtain the corresponding expressions in

the real-time domain:

G>(t) = −iθ(t)
M1∑
l=1

A
>(dn)
l e−iξ

>(dn)
l t + iθ(−t)

M1∑
l=1

A
>(up)
l e−iξ

>(up)
l t , (5.16)

G<(t) = −iθ(t)
M2∑
l=1

A
<(dn)
l e−iξ

<(dn)
l t + iθ(−t)

M2∑
l=1

A
<(up)
l e−iξ

<(up)
l t , (5.17)

GT (t) = −iθ(t)
M1∑
l=1

A
>(dn)
l e−iξ

>(dn)
l t + iθ(−t)

M2∑
l=1

A
<(up)
l e−iξ

<(up)
l t , (5.18)

GT̃ (t) = −iθ(t)
M2∑
l=1

A
<(dn)
l e−iξ

<(dn)
l t + iθ(−t)

M1∑
l=1

A
>(up)
l e−iξ

>(up)
l t , (5.19)

GK(t) = −iθ(t)
M3∑
l=1

A
K(dn)
l e−iξ

K(dn)
l t + iθ(−t)

M3∑
l=1

A
K(up)
l e−iξ

K(up)
l t . (5.20)

As a result, for an infinitely large system, all real-axis Green’s functions can be com-
pactly expressed as sums of a small number of complex poles with shared pole locations.
They can therefore be incorporated into real-axis simulations, reducing the configura-
tion space from infinitely many degrees of freedom to a small finite number of degrees
of freedom while still producing results of comparable accuracy within the prescribed
precision ε. This has promising applications to general real-axis simulations and serves
as one of the main motivations of Chs. 8 and 9.
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Chapter 6

Minimal Pole Representation and
Controlled Analytic Continuation

This chapter is based on Lei Zhang and Emanuel Gull, “Minimal Pole
Representation and Controlled Analytic Continuation of Matsubara Response
Functions”, Phys. Rev. B 110, 035154 (2024) [38].

6.1. Introduction
Quantum field theory simulations at finite temperature are typically performed on the
imaginary axis [3]. In a post-processing step, real-frequency information is obtained
via analytic continuation for physical interpretation. Simulations that require continu-
ation range from perturbative calculations [7–9] to lattice [10] and continuous-time [12]
quantum Monte Carlo and lattice QCD [58–60] simulations, as well as algorithms for
the simulation of bosonic systems [61] including He [32, 62], supersolids [63], and warm
dense matter [64].

Due to the ill-conditioned nature of the numerical analytic continuation (NAC) step
[13], a variety of methods have been developed. Among these are Padé [14] continued
fraction fits of Matsubara data [15, 19, 65–68], an interpolation with Nevanlinna func-
tions [16, 17], the Maximum Entropy (MaxEnt) method [13, 18, 20–23, 69–73], sparse
modeling [30, 74], stochastic analytic continuation (SAC) and variants [24–31], genetic
algorithms and machine learning [32–34], causal projections [35] and Prony fits [36, 37].
In all of these methods, it is difficult in practice to systematically converge the spectral
function, even given high-precision Matsubara data.
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In this chapter, we revisit the continuation problem from the perspective of a com-
pact low-rank representation of response functions in terms of a pole expansion that
approximates Matsubara data within a predetermined precision ε. Remarkably, as we
show below, the spectral function systematically converges to the exact answer as the
precision of the Matsubara fit is increased. Even ‘difficult’ spectral functions containing
both sharp and smooth features at low and at high energies are well approximated.

The method is generally applicable to all response functions, including diagonal and
off-diagonal fermionic and bosonic response functions of continuous and discrete sys-
tems. Examining the application of the methodology to data polluted with stochastic
noise we find, similarly, that a fit to within the known precision of the input data re-
sults in physically reasonable spectral functions that are systematically improved as the
uncertainty on the Matsubara axis is reduced.

This chapter is organized as follows. In Sec. 6.2, we introduce the theory of the
minimal pole representation in three steps: the approximation to the Matsubara input in
Sec. 6.2.1, the holomorphic mapping in Sec. 6.2.2, and the extraction of pole information
in Sec. 6.2.3. The numerical results are presented in Sec. 6.3. We demonstrate the
error control of our method in Sec. 6.3.1. Then, we analyze the dependence of the
performance on system temperature and the number of available data points in Sec. 6.3.2
and Sec. 6.3.3, respectively. In Sec. 6.3.4, we test our method on challenging examples
with both sharp and broadened features, followed by an illustration of the method’s
versatility in Sec. 6.3.5. In Sec. 6.3.6, we show its robustness to noise. Finally, Sec. 6.4
contains a concluding discussion.

6.2. Theory
As mentioned in Ch. 5, we construct an approximation of Matsubara data in the upper
half of the complex plane by

G(z) =
M∑
l=1

Al

z − ξl
, (6.1)

where the ξl ∈ C denote M pole locations in the lower half of the plane and Al ∈ C
the corresponding complex weights, in three steps. First, we approximate Matsubara

47



data on a finite interval of the non-negative imaginary axis using Prony’s approximation
method [47, 49]. Second, we map this interval onto the unit circle using a holomorphic
mapping and evaluate the moments of the approximated function numerically. Finally,
we use Prony’s approximation for a second time to extract a compact representation in
terms of pole weights and locations, map the poles back onto the original domain, and
evaluate the spectral function.

Prony’s method has previously been used to study the analytic continuation prob-
lem [36, 37]. The major differences to this work are that Ref. [37] employs a different
approximation procedure, either a causal projection onto a finite real-axis grid or a spline
interpolation, and different grids and maps, as well as a different solution method of the
Prony problem. The methodology does not yield the systematic error control observed
here.

6.2.1. Approximation

Our input data consists of an odd number Nω = 2N + 1 of Matsubara points G(iωn)

that are uniformly spaced, starting from a non-negative frequency ωn0 with spacing ∆n,
i.e., {iωn0 , iωn0+∆n, · · · , iωn0+(Nω−1)∆n}.

As mentioned in Ch. 4, Prony’s interpolation method [47] interpolates Gk as a sum
of exponentials Gk =

∑N−1
i=0 wiγ

k
i , where Gk = G(iωn0+k∆n), 0 ≤ k ≤ 2N , wi denote

complex weights and γi corresponding nodes. Although Prony’s interpolation method
is unstable [48], we can employ a Prony approximation [49] of G between iωn0 and
iωn0+(Nω−1)∆n. For physical Matsubara functions, which decay in magnitude to zero for
iωn → i∞, only K ∝ log(1/ε) out of all N nodes in the Prony approximation have
weights |wi| > ε [49]. More importantly, K significant nodes wi can be predetermined
[49] such that the solution to the overdetermined problem for finding weights wi is stable
and yields an accurate solution to the Prony approximation problem∣∣∣∣∣Gk −

K−1∑
i=0

wiγ
k
i

∣∣∣∣∣ ≤ ε for all 0 ≤ k ≤ 2N (6.2)

for a predefined tolerance ε > 0 via singular value decomposition. By varying k con-
tinuously over the interval [0, 2N ], we obtain an approximation of Matsubara data on
the continuous interval [iωn0 , iωn0+(Nω−1)∆n]. This form of approximation employs a
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minimum number of exponential sums and is essential for regularizing the problem.

6.2.2. Holomorphic mapping

We then apply a holomorphic transform g(z), which is a combination of linear transform
and an inverse Joukowsky transform [75] and is illustrated in Fig. 6.1, to map the
complex plane to the closed unit disk D̄.{

w = g(z) = zs −
√
z2s + 1 with zs =

z−iωm

∆ωh

z = g−1(w) = ∆ωh

2
(w − 1

w
) + iωm

, (6.3)

where ωm = (ωn0 + ωn0+(Nω−1)∆n)/2 is the frequency in the middle of the approximated
interval, ∆ωh = (ωn0+(Nω−1)∆n − ωn0)/2 is half of the segment length, and the branch
of the square root in the first equation is chosen such that |w| ≤ 1. The approximated
Matsubara interval forms the unit circle, with g(iωn0) = −i, g(iωn0+(Nω−1)∆n) = +i, and
any other point splits into two copies with identical y values. The real axis is mapped
onto a closed contour contained in the unit disk with ∞ mapped to the origin.

p1 p2 p3 p4

p1
p2

p3

p4

w = g(z)

z = g−1(w)

ω

iωn

∞
ω

Figure 6.1: Holomorphic functions g(z) and g−1(w) mapping the complex plane to
the unit disk and an interval on the imaginary axis to the unit circle.
Also shown are points on and near the real axis as triangles, along
with their image under g.

Since the transformed response function G̃(w) corresponds to Eq. (6.1) as G̃(w) =
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G(z) and takes the form

G̃(w) =
M∑
l=1

Ãl

w − ξ̃l
+ analytic part , (6.4)

the integrals over the unit circle

hk :=
1

2πi

∫
∂D̄

G̃(w)wkdw (6.5)

yield its moments and, via the residue theorem, pole information [36, 37]:

hk =
∑
l

Ãlξ̃
k
l , k ≥ 0 . (6.6)

Additional simplification of Eq. (6.5) yields

hk=

{
i
π

∫ π
2

−π
2
G(i(ωm +∆ωh sin θ)) sin(k + 1)θdθ

1
π

∫ π
2

−π
2
G(i(ωm +∆ωh sin θ)) cos(k + 1)θdθ

, (6.7)

for k even and odd, respectively. Using the continuous representation of G obtained in
the last step and numerical quadrature, these moments are obtained to high precision.
Note that since all ξ̃l lie within the unit circle, the moments hk decay quickly as a
function of k and can be truncated for hk ≪ ε.

6.2.3. Extraction

Eq. (6.6) forms a second Prony problem. With Eq. (6.2), M significant Ãl and ξ̃l are
extracted and the resulting poles and weights are recovered as

ξl = g−1(ξ̃l) =
∆ωh

2
(ξ̃l −

1

ξ̃l
) + iωm , (6.8)

Al = Res[G(z), ξl] =
∆ωh

2
(1 +

1

ξ̃2l
)Ãl . (6.9)

Eqs. (6.8) and (6.9) yield a minimal pole approximation of the form of Eq. (6.1) that
is accurate to within ε and reveals the analytic structure of the function. To evaluate
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the corresponding spectral function A(ω) = − 1
π
ImG(ω), we evaluate Eq. (6.1) for ω

along R + i0+. By lowering ε, the precision can be systematically increased, at the
cost of adding additional poles. For the cases examined, this pole representation is
much more compact than comparable schemes [76–82] which typically do not yield a
systematically improvable representation of the spectral function and may violate the
analytic properties of the response function.

6.3. Results
In this section, we conduct simulations to verify the effectiveness of our method. Ap-
pendix A contains a pedagogical implementation of this procedure that, given a set of
Matsubara points and a tolerance ε, produces a compact representation of the response
function and its corresponding spectral function. An open source implementation is also
available as part of the Green software package [83–85].

6.3.1. Error control
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Figure 6.2: Integrated real axis error err(A) =
∫
R dω|A−Acont| for the discrete (left)

and continuous (right) case as a function of control parameter ε. Also
indicated is the number of poles M . Inset: exact spectrum A(ω). Other
parameters are β = 200, n0 = 30 (left) and 0 (right), ∆n = 1 and Nω =
2001.
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We start our discussion with an examination of the convergence of the spectrum as
a function of the error control parameter ε. For a discrete (Fig. 6.2a) and continuous
(Fig. 6.2b) case we define a spectral function A(ω) on the real axis, transform it to the
Matsubara axis, and continue it back to the real axis within precision ε as Acont. We
then show err(A) =

∫
dω|A − Acont| as a function of ε. In striking difference to the

‘ill-conditioned’ nature of a direct analytic continuation, we observe that Acont rapidly
converges to A as ε is decreased. We observe this convergence behavior regardless of the
form of the spectrum. The approximation is indeed compact: in the discrete case, only
two poles are needed irrespective of the precision. In the continuum case, increasing the
precision of the difference of the integral to 10−3 requires an increase of the number of
poles from M = 3 to M = 11. Appendix A contains the precise analytical form of the
functions examined along a list of the poles.

6.3.2. Dependence on temperature

To investigate how performance depends on system temperature, we use an asymmetric
spectrum with multiple features as an example and conduct simulations across a wide
range of temperatures and precision levels. Explicitly, data points at precision 10−m are
obtained by

Gprec(iωn) = round(Gexact(iωn)× 10m)× 10−m . (6.10)

As shown in Fig. 6.3, the results improve as precision increases, regardless of the tem-
perature. However, as temperature increases, the convergence rate becomes slower and
thus higher precision is needed to resolve the same feature, which is an inherent difficulty
of the analytic continuation problem.

Although the three-peak feature cannot be resolved at the current precision for β = 1

and 2, we argue that there is still an improvement in the results. To illustrate this, we
calculate the difference between the exact spectrum moments Ak and the recovered ones
Âk. These are calculated using the following equations:

Ak =

∫ ∞

−∞
dωAexact(ω)ω

k and Âk =
∑
l

Alξ
k
l . (6.11)

As shown in Fig. 6.4, the recovered moments become more and more accurate when the
precision increases. It is expected that as the precision is improved further, different
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Figure 6.3: Recovered spectral functions at different temperatures β ∈ {1, 2, 5, 10,
20, 50} and various precision levels {10−3, 10−6, 10−9, 10−12}. Left panel:
evolution of spectrum shapes. Right panel: convergence of err(A) as
a function of precision. Number of available data points is fixed at
Nω = 201.

peaks can eventually be resolved.

6.3.3. Dependence on data points

To explore the dependence on available data points, we fix the system at a moderate
temperature (β = 30) and perform simulations for the model in Sec. 6.3.2 with a varying
number of data points Nω ∈ {7, 9, 11, 35, 151, 1001}. As shown in Fig. 6.5, while seven
points are not enough to achieve convergence, nine points are sufficient to resolve the
three-peak feature. For Nω ≥ 11, we observe a similar convergence behavior, which
is insensitive to the number of available points. Specifically, increasing the number of
data points does not necessarily accelerate convergence. We note that the reason for
this phenomenon is due to the fact that the holomorphic mapping eliminates the effects
from the absence of data points in the long tail. This happens because the information
of mapped poles is fully contained by function values on the unit circle, which are only
mapped from the finite interval [iωn0 , iωn0+(Nω−1)∆n]. When there are too many data
points, the convergence speed slightly slows down, as the mapped poles become too close
to each other. Given Nω = 2N+1 data points, our method can recover at most N poles,
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Figure 6.4: Convergence of spectrum moments as a function of precision for β = 1
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leading to failures when there are too few points to capture all poles. We estimate the
threshold for the required number of points to be Nmin ⪆ 2Npole + 1, where Npole is the
number of poles needed to resolve the fine structure of the spectrum. When Nω ≥ Nmin,
convergence should always be observed at sufficient precision.

Since the improvement is independent of temperature and highly robust to the number
of available data points, we fix the system temperature at β = 200 and the number of
data points at Nω = 2001 in the following discussions.

6.3.4. Challenging examples

In Fig. 6.6, we analyze the performance of the method for four continuous noiseless
scenarios: A continuous spectral function with sharp band edges and a van Hove singu-
larity, as it is encountered in a 2d tight binding calculation of the square lattice with
nearest- and next-nearest-neighbor hopping (left panel); a ‘semicircular’ density of states
with square-root singularities as encountered in the non-interacting infinite coordina-
tion number Bethe lattice with nearest neighbor hopping (middle panel); a tight-binding
band structure of an anisotropic triangular lattice [86], and a simulated ‘Kondo’ setup
with a sharp peak and two side bands (right panel).

We proceed by back-continuing the known function A(ω) to the Matsubara axis,
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Figure 6.5: Recovered spectral functions at different numbers of data points
Nω ∈ {7, 9, 11, 35, 151, 1001} and various precision levels {10−3, 10−6, 10−9,
10−12}. Left panel: evolution of spectrum shapes. Right panel: conver-
gence of err(A) as a function of Nω at different precision levels. System
temperature is fixed at β = 30.

approximating it with ε chosen close to machine precision (resulting in M = 10, 9, 9,
and 9), and plotting both A(ω) and Acont(ω) as a function of frequency ω together with
results from Maximum Entropy [13, 22] and the stochastic optimization method (SOM)
[26, 31].

All four functions are difficult to analytically continue with standard methods, since
they contain both broad and sharp features. The standard methodology of finding the
‘smoothest’ function consistent with input data within some error is not appropriate and
introduces artificial ‘ringing’. While precise knowledge of the location of the band edges
and singularities could be used in a Nevanlinna function interpolation [17] followed by a
Hardy function optimization [17] to pick the ‘correct’ function out of a Hardy function
space, this knowledge is often not available.

The low-rank representation of the Green’s function produced by the Prony method
provides an unbiased alternative selection criterion that, in this case, is substantially
more precise than a smoothness criterion.
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Figure 6.6: Continuation of continuous spectral functions. From left to right:
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next-nearest neighbor hopping. Semicircular density of states. Tight-
binding density of states of the anisotropic triangular lattice. ‘Kondo’-
like spectral function. Shown are the exact input A(ω) in black, a con-
tinuation with Maximum Entropy (blue), SOM (purple), and a Prony
fit (this method) in red. Maximum Entropy parameters fine-tuned to
yield best spectra possible.

6.3.5. Versatility

While a fermion Green’s function of an operator and its corresponding adjoint cor-
responds to a positive spectral function [87] whose poles lie in the lower half of the
complex plane [17], response functions of interest also include bosonic, anomalous, and
off-diagonal cases which have different analytical properties. Importantly, they may
not correspond to a probability distribution, ruling out the straightforward application
of Maximum Entropy and related methods. While the issue can be circumvented by
continuing related quantities [88–92], the procedure often amplifies errors [13].

The method presented here does not explicitly enforce an analytic structure. It can
therefore be applied directly to bosonic, off-diagonal, and anomalous Green’s functions
as well as to self-energies. As an example we show the off-diagonal part of a continuous
fermion spectral function in Fig. 6.7a; a discrete off-diagonal fermion system in Fig. 6.7b;
a continuous diagonal boson system in Fig. 6.7c; and a discrete off-diagonal boson system
in Fig. 6.7d. Note that the method for continuous and discrete systems is identical; it
is the low-rank representation that places a minimum number of poles very close to the
real axis to distinguish sharp (discrete) features from smooth (continuous) ones.
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6.3.6. Noisy data

Analytic continuation is commonly used on noisy Monte Carlo data, where a response
function is known only within a given precision. The precision achievable depends very
much on the Monte Carlo algorithm and the estimator used but is rarely better than
10−5, and errors are often (but not always [93]) Gaussian distributed. In that case, we
substitute ε as a proxy for the Monte Carlo error bar.

For a discrete and a continuous scenario, the left panels of Fig. 6.8 shows the con-
vergence of the spectral function in our method, Maximum Entropy [13] and SOM [26]
for simulated Gaussian errors with varying magnitude. The right panel shows the inte-
grated error err(A). It is evident that already very loose error tolerance reproduces the
main features of the spectrum. As the simulated Monte Carlo errors are decreased, our
method rapidly converges to the exact result whereas the spectrum is not recovered in
Maximum Entropy and SOM.
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Figure 6.8: Spectral functions for different levels of relative Gaussian noise δ on the
imaginary axis. Upper panel: discrete case. Lower panel: continuous
case. Also indicated is the number of poles M .

6.3.7. Imaginary-time data

Our method can be readily extended to the analytic continuation of imaginary-time
data. This extension involves two steps: (i) transforming the imaginary-time data to the
Matsubara axis and (ii) performing analytic continuation from the resulting Matsubara
data. Directly applying a discrete Fourier transform to imaginary-time data can distort
the high-frequency Matsubara components, as expected from Nyquist’s theorem. To
overcome this limitation, several techniques have been developed in the community, in-
cluding high-frequency tail expansions [94], Chebyshev polynomial representations [78],
the intermediate representation [79], sparse sampling approaches [80], and the discrete
Lehmann representation (DLR) [82].

Here, to demonstrate the feasibility of converging the spectral function as the precision
of imaginary-time data increases, we consider two examples: a semicircular spectrum
and the three-peak spectrum shown in Fig. 6.2(b). Starting from imaginary-time data
G(τ) at a moderate temperature (β = 30), sampled on a uniform grid with a moderate
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number of data points (Nτ = 201), we use least-squares fits to extract the DLR co-
efficients [82] of G(τ). We then analytically transform the fitted representation to the
Matsubara axis and perform analytic continuation. As shown in Fig. 6.9, our simulations
indicate that the recovered spectra continue to exhibit convergent behavior as the preci-
sion of G(τ) increases. A detailed comparison of different imaginary-time-to-frequency
transformation techniques is beyond the scope of this work.

6.4. Conclusions
In conclusion, we have shown a method to systematically construct low-rank pole ap-
proximations to Matsubara response functions of quantum systems and used it to ana-
lytically continue spectral functions. We have demonstrated the control of the method
in the sense that the error in the real-frequency response functions can be systematically
reduced by improving the corresponding Matsubara fit.

We have also demonstrated the wide applicability of the method, including its suit-
ability for diagonal, off-diagonal, fermionic, bosonic, continuous, and discrete response
functions and we have examined the convergence in the presence of noise. We note
that the same approximation scheme can also be used to model real-frequency response
functions a short distance above the real axis, which may be useful in cases where a
Matsubara representation is to be avoided entirely.

Apart from NAC, the compact representations introduced here offer a path towards
faster numerical and analytical manipulation of response functions, and they offer phys-
ical insight by revealing the locations of poles and zeros in the complex plane.
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Chapter 7

Matrix-Valued Extension and
Systematic Improvements

This chapter is based on Lei Zhang, Yang Yu and Emanuel Gull, Minimal
pole representation and analytic continuation of matrix-valued correlation func-
tions, Phys. Rev. B 110, 235131 (2024) [39].

7.1. Introduction
Numerical simulations of finite-temperature field theories typically obtain response func-
tions, such as single-particle Green’s functions and susceptibilities, on the Matsubara
axis. Such methods include Monte Carlo simulations of lattice [10, 11] and quantum
impurity [12] problems in condensed matter, quantum chromodynamics simulations in
nuclear and high-energy physics [58–60], and the self-consistent solution of low-order di-
agrammatic equations [7–9, 95] and embedding problems [96–99] of solids and molecules.
Analysis, interpretation, and comparison to experiment of these correlation functions
require an additional step of analytic continuation to the real axis.

Numerical analytic continuation (NAC) of imaginary axis data is difficult due to the
ill-posed nature of the direct inversion [13]. Numerous methods for its regularization
have been proposed, including interpolation with Padé [14, 15] and Nevanlinna func-
tions [16, 17], the maximum entropy method [13, 18–23], approximation with Bayesian
approaches [72, 100], stochastic fitting methods [24–26, 28, 29, 31], and sparse modeling
[30] of the inverse problem.

Recent work [38] showed that compact pole representations with complex poles are
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particularly powerful in this context. Pole expansions are in wide use in materials
simulations [101] and have been used for analytic continuation in Refs. [35–37, 102,
103]. The methods in Ref. [38] now make it possible to systematically converge analytic
continuations for typical response functions as data quality is increased.

Moreover, compact pole representations also facilitate the interpretation of Green’s
functions since they provide a decomposition into damped or undamped ‘quasiparticles’.
The representation is both efficient for storing Green’s functions, requiring a small list of
poles and weights rather than a discretization on a frequency grid, and for performing
many-body calculations, enabling the use of residue calculus for diagram integration
[104].

Pole representations are closely related to the decomposition of real-time Green’s
functions into sums of decaying complex exponentials which, when Fourier transformed,
correspond to sums of poles. In the case of signal-processing, the recovery of poles from
data was already discussed in the eighteenth century by Gaspard de Prony [47]. In
the context of real-time propagation, extensions and approximations of this type have
recently been analyzed with a wide variety of methods [56, 87, 105–108].

Most physical problems, especially in the context of simulations of real materials and
ordered phases such as superconductivity, require the analysis of multi-orbital Green’s
functions with off-diagonal elements [23, 88–90, 92] that do not correspond to probability
densities. While methods such as those presented in Ref. [38] can in principle be applied
to diagonal and off-diagonal elements of Green’s function matrices independently, such
a procedure may not respect the Carathéodory [17] structure of these objects, which (for
fermion Green’s functions) requires the matrix-valued response function to be a positive
semidefinite function anywhere in the upper half of the complex plane. Knowledge
of this matrix-valued structure is a prerequisite for performing certain post-processing
calculations such as the extraction of two-particle correlation functions, including the
optical and magnetic susceptibility, and the calculation of the Green’s function on the
real axis via the Dyson equation from an analytically continued self-energy.

A pole expansion in terms of shared real or complex poles with orbital-dependent
matrix-valued weights, given by the form

G(z) =
M∑
l=1

Al

z − ξl
, Im ξl ≤ 0, (7.1)
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which is valid throughout the upper half of the complex plane, is therefore desirable.
This chapter presents a minimal pole method (MPM) for generating such a represen-

tation in terms of a minimal number of poles M on or below the real axis using two
approximations with damped exponential functions and an intermediate holomorphic
mapping. We show results for fermionic and bosonic systems with discrete and continu-
ous spectra, with and without noise. We also show applications to the self-energy and
Green’s function of self-consistent real-materials calculations.

The remainder of this chapter proceeds as follows. In Sec. 7.2, we revisit the ill-posed
nature of NAC and discuss the main sources of ambiguity. In Sec. 7.3, we introduce the
three algorithmic steps of the pole approximation, the optional restriction to poles on the
real axis, the optional combination with the discrete Lehmann representation, the op-
tional incorporation of prior knowledge, and applications beyond analytic continuation.
In Secs. 7.4 and 7.5, we show numerical results and conclusions, respectively.

7.2. Sources of Ambiguity in NAC
In this section, we revisit the origin of the ill-posed nature of NAC. Reducing these
ambiguities as much as possible will be the primary goal of the method introduced in
the next section.

We begin with the inverse process of NAC, namely the construction of the Green’s
function from a given spectral function,

G(iy) =

∫ +∞

−∞
dω

A(ω)

iy − ω
. (7.2)

This process can be carried out by numerical integration and is well-conditioned. If the
approximate spectrum Aapprox(ω) is controlled, i.e.,

∥Aapprox(ω)−Aexact(ω)∥ ≤ ε∥Aexact(ω)∥, (7.3)

where ε is a small constant, then the corresponding Green’s function is also controlled
on any continuous interval of the imaginary axis away from singularities:

∥Gapprox(iy)−Gexact(iy)∥ ≤ c · ε, (7.4)
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Figure 7.1: Illustration of the ill-posed nature of NAC. Left panels: unrestricted
least-squares fits. Middle panels: fits using a discrete system. Right
panels: fits using a continuous system. The top panels compare the ex-
act spectrum (blue shaded region) with the recovered spectrum (red).
The bottom panels show the difference between the recovered and ex-
act Green’s functions on the imaginary axis, with Matsubara points
marked by orange dots. Insets: comparison between the exact and
recovered integrated spectral functions, int(A)(ω) =

∫ ω
−∞ dω′A(ω′).

where c is a finite constant independent of ε. Conversely, in NAC, if the approxima-
tion (7.4) is not controlled on a continuous interval away from singularities, the recovered
spectral function cannot be controlled.

However, the discrete nature of the input data imposes a fundamental limitation. At
finite inverse temperature β, the Green’s function is sampled only at Matsubara frequen-
cies, whose spacing is at least 2π/β. As a result, minimizing the difference at Matsubara
points, for example through the Frobenius norm

∑
n ∥Gapprox(iωn)−Ginput(iωn)∥2F , does

not guarantee that Eq. (7.4) is controlled between adjacent Matsubara points, i.e., at
points iωn < iy < iωn+1. This is the first ambiguity in NAC.

As an illustration, we consider a spectrum containing both sharp and broad fea-
tures and perform unrestricted least-squares fits. The recovered spectrum is shown in
Fig. 7.1(a), and it bears little resemblance to the exact spectrum. The reason is shown in
Fig. 7.1(d): although the Matsubara data are fitted within the target precision ε = 10−4,
the recovered Green’s function is poorly approximated on the continuous imaginary-axis
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interval between the Matsubara points. The inset compares the integrated spectral func-
tion int(A)(ω) =

∫ ω

−∞ dω′A(ω′), further confirming the discrepancy.
A second ambiguity remains even if Eq. (7.4) is controlled on a continuous interval:

under any finite precision, the recovered spectrum is still highly non-unique. For exam-
ple, one can always find a discrete system with real poles that approximates the Green’s
function within ε on a continuous interval, as shown in Fig. 7.1(e). However, the cor-
responding spectrum, shown in Fig. 7.1(b), contains extra spiky features and deviates
from the exact spectrum. The ambiguity also persists when the input data are fitted
with a continuous model. As shown in Fig. 7.1(f), the continuous model can approxi-
mate the input data well. Nevertheless, the recovered spectrum in Fig. 7.1(c) contains
extra oscillatory features compared with the broad structure of the exact spectrum.

Even so, enforcing Eq. (7.4) still improves the recovered result. Although the detailed
spectral shape remains ambiguous, the recovered spectra show coarse-grained similarity
to the exact spectrum, as illustrated by the integrated spectral functions in the insets of
Figs. 7.1(e) and (f). Finally, we emphasize that simply improving the fitting precision
may reduce, but cannot completely eliminate, this ambiguity. At any finite precision, one
can still construct either a discrete or a continuous spectrum with additional features
that fits the input data within the prescribed tolerance. Therefore, a criterion that
suppresses such unphysical extra features without relying on prior knowledge is highly
desirable.

7.3. Minimal Pole Method
We aim to construct a pole approximation of the form given in Eq. (7.1) in the upper half
of the complex plane, based on data provided along the Matsubara axis. The evaluation
of this function just above the real axis will then yield the analytically continued spectral
function, see Eq. (3.46).

In analogy to the scalar-valued version of the method [38], the construction of the
matrix-valued approximation consists of three steps. First, we approximate the Mat-
subara data on a finite interval of the imaginary axis using the scalar-valued ESPRIT
method for each matrix element. Second, we map this interval onto the unit circle using
the holomorphic mapping presented in Ref. [38] and evaluate the moments of the ap-
proximated function numerically. Finally, we apply matrix-valued ESPRIT to extract a
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minimal number of shared complex poles, map the poles back using the corresponding
inverse holomorphic mapping, and evaluate the spectral function. Note that due to the
robustness to noise and its computational efficiency, a variant of ESPRIT [53, 54] rather
than the Prony approximation [38] is employed in this chapter.

We discuss these three steps in the following.

7.3.1. Approximation on the Matsubara axis

Given input data Ginput(iωn) on a uniform grid along the non-negative Matsubara axis,
we aim to find an approximation to the Green’s function that is valid both at the input
Matsubara grid points and in the intervals between them.

While many interpolation or fitting methods could be used to approximate this func-
tion, including a least squares fit to compact basis functions [76, 78, 79, 82] or an
interpolation with cubic splines [77], a fit with the minimum number of decaying expo-
nential functions results in a representation that is accurate both at the interpolation
nodes and in between, since it minimizes spurious oscillations but does not overfit the
data. For further details, refer to Fig. 7.4 as an example, discussed later.

Although the matrix-valued ESPRIT will become necessary in Sec. 7.3.3, sharing the
same set of poles in Eq. (7.1) for each matrix element does not necessarily imply that
they can be well-approximated by shared exponentials through Eq. (4.12). Therefore,
we independently apply the scalar-valued exponential fit to each matrix element of the
input data, yielding an approximation G

(L)
approx(iy) for ω0 ≤ y ≤ ωnω−1 with a fixed

parameter L in ESPRIT. This ensures that

∥∥G(L)
approx(iωn)−Ginput(iωn)

∥∥ ≤ ε (7.5)

at the fitted Matsubara points.
Additionally varying L provides a convenient way to explore the sensitivity of the

approximant between the interpolation points. If∥∥∥G(L′)
approx(iy)−G(L)

approx(iy)
∥∥∥ ≤ ε (7.6)

holds for ωn < y < ωn+1 for different values of L and L′, the points are likely over-
sampled and the approximation on [ωn, ωn+1] is assumed to be accurate; otherwise the
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approximation on this interval may not be reliable. Typically only the low frequencies
are not approximated reliably.

We may use this property to establish a lower threshold Matsubara frequency ωn0 .
Above ωn0 the approximation is assumed to be accurate in the continuous interval
y ∈ [ωn0 , ωnω−1]. In most of the continuous cases we tested, this lower threshold coincides
with the zero Matsubara frequency, i.e., ωn0 = ω0. In practice, we use L = 2N/5 and
L′ = N/2 in all our implementations.

Before concluding this section, we summarize the algorithm used in this work for the
reader’s convenience:

Algorithm 2 Approximation Algorithm
1: Input: Ginput(iωn) on the grid {ωn}, 0 ≤ n ≤ nω − 1.
2: Output: n0 and Gapprox(iy).
3: for i = 1 to norb do
4: for j = 1 to norb do
5: Obtain G

(L)
ij (iy) from ESPRIT for [Ginput]ij.

6: Obtain another approximation G
(L′)
ij (iy) at L′.

7: Estimate εij from Eq. (7.7).
8: Estimate (n0)ij from Eq. (7.8).
9: Obtain n0 = max1≤i,j≤norb{(n0)ij}.

10: Set the approximation to be [Gapprox(iy)]ij = G
(L)
ij (iy).

In the algorithm, the following equations are utilized:

εij = max

{
max

0≤n≤nω−1

∣∣∣G(L)
ij (iωn)− [Ginput(iωn)]ij

∣∣∣ ,
max

0≤n≤nω−1

∣∣∣G(L′)
ij (iωn)− [Ginput(iωn)]ij

∣∣∣} , (7.7)

and

(n0)ij = min

{
n

∣∣∣∣ max
ωn≤y<ωn+1

{|G(L′)
ij (iy)−G

(L)
ij (iy)|} ≤ εij and

max
ωn≤y<ωn+1

{|G(L′)
ij (iy)−G

(L)
ij (iy)|}

max
ωn+1≤y<ωn+2

{|G(L′)
ij (iy)−G

(L)
ij (iy)|}

< tol
}
. (7.8)
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Figure 7.2: Left: Complex plane with real and imaginary axis (black lines), Mat-
subara frequencies in the interval [iωn0 , iωnω−1] (orange dots), remaining
frequencies (grey dots), and pole locations of a spectral function (green
triangles). Right top: Complex plane after holomorphic mapping (7.9)
transforming the interval onto the unit circle, mapping the remainder
of the complex plane to the interior of the unit disk, infinity to zero,
and the poles to the interior of the egg-shaped image of the real axis.
Bottom right: Example of diagonal and off-diagonal spectral functions
belonging to shared complex poles (green triangles in other panels).

7.3.2. Holomorphic mapping

The procedure of Sec. 7.3.1 results in an accurate description of the Green’s function on
an interval on the Matsubara axis, though not in the form of a pole representation. The
problem now reduces to recovering the complex poles of such a function. As pointed
out in Refs. [36, 37], applying a holomorphic transform to map the interval to the unit
circle reveals this pole information.

We choose the transform presented in Ref. [38] to map the entire complex plane into
the closed unit disk D̄:{

w = g(z) = zs −
√
z2s + 1 with zs =

z−iωm

∆ωh

z = g−1(w) = ∆ωh

2
(w − 1

w
) + iωm

, (7.9)
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where ωm = (ωn0 +ωnω−1)/2, ∆ωh = (ωnω−1−ωn0)/2, and the branch of the square root
is chosen such that |w| ≤ 1 (cf. Fig. 7.2). This transformation offers several benefits:
First, the correspondence is straightforward. Each point on the continuous interval
[iωn0 , iωnω−1] is mapped to two points with identical vertical coordinates, except for the
endpoints iωn0 and iωnω−1, which are mapped to the unique points −i and i on the
unit circle, respectively. Second, it preserves the ‘left-right’ symmetry Re g(x + iy) =

−Re g(−x+ iy) of the plane, which simplifies the contour integrals that will be defined
in Eq. (7.11). Third, every line segment dy on the continuous interval in the z-plane is
mapped to the arc (dx′, dy′) in the w-plane with dy′ = 1

∆ωh
dy, where ∆ωh, as defined

above, is a constant. This avoids distortions of the interval along the vertical direction,
which enhances robustness when some Matsubara points exhibit large fluctuations while
others do not.

Eq. (7.9) transforms the complex pole representation (7.1) to:

G̃(w) =
M∑
l=1

Ãl

w − ξ̃l
+ analytic part . (7.10)

With the matrix-valued integrals hk over the unit circle defined as

hk :=
1

2πi

∫
∂D̄

dwG̃(w)wk (7.11)

the residue theorem [36, 37] implies that:

hk =
M∑
l=1

Ãlξ̃
k
l , k ≥ 0. (7.12)

The preservation of left-right symmetry in Eq. (7.9) additionally simplifies the contour
integral:

hk=

{
i
π

∫ π
2

−π
2
G(i(ωm+∆ωh sin θ)) sin(k+1)θdθ, k even

1
π

∫ π
2

−π
2
G(i(ωm+∆ωh sin θ)) cos(k+1)θdθ, k odd

. (7.13)

Replacing G(iy) with G
(L)
approx(iy) in Eq. (7.13) introduces uncertainty in hk on the

order of the tolerance parameter ε. In practice, each hk is calculated using an adaptive
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quadrature rule with error tolerance set much lower than ε, and the number of integrals
is truncated when ∥hk∥ < ε. Since the holomorphic mapping maps poles into the
interior of the unit disk, Eq. (7.12) implies that the number of moments quickly decays
as a function of k.

7.3.3. Pole extraction

Eq. (7.12) forms a second Prony problem (4.12). Applying the method of matrix-valued
ESPRIT to hk at precision ε, the mapped pole weights Ãl and locations ξ̃l are recovered.
The exponentially decaying nature of the singular values of the Hankel matrix ensures
that a minimal number of complex poles, denoted by M , are recovered in the current
framework.

The one-to-one correspondence between ξ̃l and ξl [36, 37] via

ξl = g−1(ξ̃l) , (7.14)

is then used to recover the pole locations.
To recover the pole weights Al, there are two main options, each with its own ad-

vantages. Given that the weights have a one-to-one correspondence via the residue
theorem [38]:

Al = Res[G(z), ξl]

=
dz

dw

∣∣∣∣
ξ̃l

× Res[G̃(w), ξ̃l] =
dz

dw

∣∣∣∣
ξ̃l

× Ãl, (7.15)

one approach is to recover Al directly from Ãl. An advantage of this method is its
effectiveness even when the input function contains a constant term, as seen in self-
energy-like quantities, since the constant term can be automatically filtered out by
Eq. (7.11). Additionally, it is highly stable, as the noise has already been filtered in the
first step. However, the transformation may introduce slight distortions, though these
did not affect the overall shape of the spectrum in our tests (not shown).
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Alternatively, one may obtain the weights by solving the following system of equations:
G⃗T

0

G⃗T
1
...

G⃗T
nω−1

=


1
iω0−ξ1

1
iω0−ξ2

· · · 1
iω0−ξM

1
iω1−ξ1

1
iω1−ξ2

· · · 1
iω1−ξM... ... . . . ...

1
iωnω−1−ξ1

1
iωnω−1−ξ2

· · · 1
iωnω−1−ξM



A⃗T

1

A⃗T
2
...
A⃗T

M

 , (7.16)

where G⃗n and A⃗l are the vectorized forms of Ginput(iωn) and Al, as described in Sec. 4.3.
In this approach, no distortion occurs, and if some of the Matsubara points were ignored
in the previous step (n0 > 0) they can now be utilized. However, the method fails in
the presence of a constant term. An optimization condition can also be incorporated
into both methods to explicitly satisfy the analytic properties:

Al (for fermions) or sign(ξl)Al (for bosons) is
positive semidefinite with (

∑
l Al)ij = [di, d

†
j]±

, (7.17)

for discrete systems or

− Im(
∑

l
Al

ω−ξl
) (for fermions) or − sign(ω)×

Im(
∑

l
Al

ω−ξl
) (for bosons) is positive semide-

finite for any ω ∈ R,with (
∑

l Al)ij = [di, d
†
j]±

(7.18)

for continuous systems, albeit at the cost of additional runtime due to the optimization
process. As demonstrated in Ref. [38], even in the presence of noise, the non-causal parts
of the unrestricted solutions are typically not observable. However, when the data is too
noisy to reliably contain causal information, or when the spectrum exhibits singularities,
imposing restrictions becomes crucial.

In practice, we find that the second method yields better results for computing pole
weights, so we always use Eq. (7.16). To address the issue of a non-zero constant term,
we first calculate tentative weights At

l from the unrestricted solution of Eq. (7.15). The
constant term is then estimated as:

const =
1

nω − n0

nω−1∑
n=n0

(
Ginput(iωn)−

M∑
l=1

At
l

iωn − ξl

)
. (7.19)
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We then substitute Ginput(iωn)−const into the left-hand side of Eq. (7.16) with optional
restrictions (7.17) or (7.18) to obtain the final weights Al. After obtaining Al and ξl,
the spectral function is finally recovered using:

Arec(ω) = −
1

π
Im

(
M∑
l=1

Al

ω + i0+ − ξl

)
. (7.20)

7.3.4. Restriction to real poles

It is sometimes useful to restrict the locations of poles to the real axis, e.g., when it is
known that the system consists of discrete excitations, or when a representation of the
Green’s function is desired that is valid both in the upper and in the lower half of the
complex plane [104]. This restriction typically comes at the cost of a larger set of poles.

Instead of using Eq. (7.9), now we consider the holomorphic mapping w = g(z) = ωn0

(√
1
z2

+ 1
ω2
n0

− 1
z

)
z = g−1(w) = 2ωn0

w
1−w2

, (7.21)

which reduces to the holomorphic mapping presented in Ref. [37] for fermionic systems
when n0 = 0. This maps the continuous imaginary interval (−∞,−iωn0 ] ∪ [iωn0 ,+∞)

to the unit circle, see Fig. 7.3 for more details. The method of Sec. 7.3.1 provides
a controlled approximation over the interval [iωn0 , iωnω−1], while the tail behavior in
[iωnω−1,+∞) can be well approximated using other techniques, such as the complex
pole representation introduced above. As for the approximation on (−∞,−iωn0 ], it can
be directly derived from the symmetry G(z∗) = (G(z))†.

The contour integral in Eq. (7.11) can be simplified in this case to:

hk=

{
i
π

∫ π
2

0
[G(

iωn0

sin θ
)−(G(

iωn0

sin θ
))†] sin(k+1)θdθ, k even

1
π

∫ π
2

0
[G(

iωn0

sin θ
)+(G(

iωn0

sin θ
))†] cos(k+1)θdθ, k odd

. (7.22)

In many cases, the Hamiltonian is real-valued, so that the Green’s function exhibits the
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Figure 7.3: Illustration of the holomorphic mapping (7.21). Left: The origi-
nal plane, showing Matsubara frequencies in the interval (−∞,−iωn0 ]
∪[iωn0 ,+∞) (orange dots), remaining frequencies (grey dots), and pole
locations of a spectral function (green triangles). Top right: The com-
plex plane after the holomorphic mapping (7.21), which transforms the
interval onto the unit circle, maps the remainder of the complex plane
inside the unit disk, and maps the real axis onto the line segment (−1, 0)
to (1, 0), with the origin mapped to the origin and infinity mapped to
(±1, 0). Bottom right: Examples of diagonal and off-diagonal spec-
tral functions corresponding to the shared real poles. Delta peaks are
broadened for better visualization.

symmetry [G(z∗)]ij = [G∗(z)]ij. This symmetry further simplifies Eq. (7.22) to:

hk=

{
− 2

π

∫ π
2

0
Im[G(

iωn0

sin θ
)] sin(k + 1)θdθ, k even

+ 2
π

∫ π
2

0
Re[G(

iωn0

sin θ
)] cos(k + 1)θdθ, k odd

. (7.23)

Since Eqs. (7.10) to (7.12) still hold for the new mapping, all other steps presented
in Sec. 7.3 remain applicable, resulting in poles that lie on the real axis. In practice,
unlike the generic method presented in the previous section, we found that obtaining
pole weights from the transformed plane is more stable than from the original plane.
Therefore, we use Eq. (7.15) rather than Eq. (7.16) in this case.
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7.3.5. Combination with the Discrete Lehmann Representation

In situations where computational efficiency, rather than accuracy, is important, it is
possible to utilize the discrete Lehmann representation (DLR) [82, 109] directly for
approximating Matsubara data. By specifying an error tolerance ε and a sufficient cutoff
Λ = βωmax, where ωmax represents the energy support of the system and can be chosen to
be sufficiently large, DLR generates r fixed real poles ω(dlr)

i , where r = O(log(Λ) log
(
1
ε

)
).

The pole weights g
(dlr)
i are then determined based on the input data Ginput(iωn). The

resulting function, Gapprox(iωn) =
∑r

i=1
g
(dlr)
i

iωn−ω
(dlr)
i

, provides an approximation of the
Matsubara data with an accuracy within ε.

Although the DLR method does not provide a precise approximation between Mat-
subara points (see Sec. 7.4.1.1), there typically is a threshold n0 such that it offers a
precise approximation in the intervals (−∞,−iωn0 ]∪ [iωn0 ,+∞). In practice, and espe-
cially at low temperatures, ωn0 is very close to zero, making the impact of disregarding
the first n0 points negligible. In that case, the calculation of the contour integral in
Eq. (7.11), directly using the DLR expansion, simplifies to:

hk =
r∑

i=1

g̃
(dlr)
i ω̃

(dlr)k
i , k ≥ 0, (7.24)

where g̃
(dlr)
i and ω̃

(dlr)
i can be derived from g

(dlr)
i and ω

(dlr)
i using the transformations

in Eqs. (7.15) and (7.14), respectively. This eliminates the need for time-consuming
numerical quadrature. Additionally, there is no need to truncate hk at ∥hk∥ < ε,
since the number of recovered poles is strictly bounded by r. The method described in
Sec. 7.3.3 may then be used to recover the pole information.

The use of DLR rather than the first exponential approximation of Sec. 7.3.1 results
in a loss of precision, especially at high temperature, and requires at least r input points.
Results for this variant and an estimate of the loss of precision are shown in Sec. 7.4.7.

7.3.6. Incorporation of prior knowledge

For some spectra, the corresponding complex poles may be very close to the real axis,
close to one another, and far from the available sampling points. In such situations,
recovering the exact spectral shape at finite precision may be difficult. Nevertheless,
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useful information can still be extracted from the moments of the recovered spectrum,

Âk =
∑
l

Alξ
k
l (7.25)

which can then be combined with prior knowledge to fit the spectrum to an appropriate
model. This point will be illustrated in Sec. 7.4.5.

7.3.7. Application to heating and cooling of self-consistent
many-body simulations

Apart from obtaining the spectral function, an additional application of this methodol-
ogy consists in the temperature extrapolation of self-consistent many-body simulations
[86]. In these methods, results that are obtained for one value of temperature are then
used to initialize the convergence of self-consistent iterations at a different tempera-
ture. In the current context, this implies evaluating Eq. (7.1) on the Matsubara grid
for a different temperature and using those results to initialize self-consistent iterations.
Such a procedure may be needed if multiple stable fixed-points exist, such as in the
coexistence regime of a first-order transition. It may also be needed in situations where
self-consistent iterations (in a damped, undamped, or accelerated [110] convergence
scheme) do not converge to a physical solution.

In these situations, the temperature extrapolation of the matrix-valued propagator
results in a ‘physical’ starting solution which inherits the spectra from a nearby tem-
perature. This procedure may substantially reduce the number of iterations needed for
convergence, similar to the interpolation with Carathéodory functions used in Ref. [86].

7.4. Results

7.4.1. Ambiguity issues revisited

As discussed in Sec. 7.2, NAC of Matsubara data involves two primary sources of ambi-
guity. First, to ensure that the recovered spectrum is controlled to within a prescribed
precision ε, the approximated Green’s function must be controlled on a continuous in-
terval of the imaginary axis, not only at the discrete Matsubara points. Second, even
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if this condition is satisfied, the recovered spectrum remains highly non-unique at any
finite precision and may exhibit only coarse-grained similarity to the exact spectrum. In
the following, we examine how these two ambiguity issues are addressed in Secs. 7.4.1.1
and 7.4.1.2, respectively.

7.4.1.1. Approximation on the imaginary-frequency interval

We begin by examining whether the first interpolation step described in Sec. 7.3.1 can
approximate the Green’s function accurately on a continuous interval of the imaginary
axis. This is a crucial requirement because the subsequent pole-extraction step involves
contour integrals over the interpolated function [Eq. (7.13) or Eq. (7.22)]. Therefore,
the response function must be approximated accurately not only at the Matsubara
points, but also between them. In our method, this first approximation is obtained
from ESPRIT. Although the resulting approximant is not itself a pole representation of
the Green’s function, it provides a smooth function that can be evaluated anywhere on
the Matsubara axis.
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Figure 7.4: Left panel: interpolation of an example Green’s function at and be-
tween interpolation points, obtained from a least-squares fit to DLR
coefficients. Right panel: same quantity obtained using the method of
Sec. 7.3.1.

Figure 7.4 compares two different approximations of the same Green’s function. The
left panel shows a standard least-squares fit to DLR coefficients, while the right panel
shows the result obtained using the method described in Sec. 7.3.1. The model consid-
ered here is a tight-binding model on the Bethe lattice with hopping t, whose spectral
function is semicircular:

A(ω) =
1

2πt2

√
4t2 − ω2 , (7.26)
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and whose Green’s function has the analytical form

G(iy) =
i

2t2
(y −

√
y2 + 4t2) for y > 0 . (7.27)

The comparison is performed at t = 1 and β = 100. The ESPRIT-based approximation
shown in the right panel is accurate both at the Matsubara points and between them.
In contrast, the standard least-squares fit to DLR coefficients, shown in the left panel,
produces large errors at small y despite fitting the data on the Matsubara grid.
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Figure 7.5: Maximum relative deviation εrel [Eq. (7.29)] on the imaginary axis,
evaluated both at and between Matsubara points, among all random
configurations. Results are shown for inverse temperatures β ∈ {1,
10, 100, 1000}, orbital numbers norb ∈ {1, 2, 5}, and noise levels δ ∈
{10−3, 10−6, 10−9, 10−12}. Blue circles denote bosonic problems, and red
triangles denote fermionic problems.

We further test the robustness of this approximation in Fig. 7.5 using random test
functions with fermionic and bosonic analytic properties. These functions are generated
as follows. First, we randomly choose the number of poles np between 1 and (np)max.
Second, we randomly generate np real poles ξl with 1 ≤ l ≤ np within the energy

76



window [−ωmax, ωmax]. Third, we randomly assign a matrix-valued weight Al to each
pole ξl, requiring Al to be positive semidefinite for fermions and sign(ξl)Al to be positive
semidefinite for bosons. Finally, we normalize the weights such that

∑
l Al = [di, d

†
j]±.

This procedure produces random Green’s functions with the correct analytic properties.
The exact Matsubara data are then evaluated as Gexact(iωn) =

∑
l Al/(iωn − ξl). To

model noisy input data, we add a Gaussian-distributed perturbation to each matrix
element:

[Ginput(iωn)]ij = [Gexact(iωn)]ij[1 + δ ×NC(0, 1)], (7.28)

where NC(0, 1) denotes a complex-valued normal Gaussian random variable. We then
obtain Gapprox(iωn) from the noisy data Ginput(iωn) and compute the maximal relative
deviation on the continuous interpolation interval:

εrel =

max
ωn0≤y≤ωnω−1

∥Gapprox(iy)−Gexact(iy)∥

max
0≤n≤nω−1

∥Gexact(iωn)∥
. (7.29)

This procedure is repeated over many random configurations to obtain a statistical
sample.

The results are shown in Fig. 7.5, with fermionic systems shown in red and bosonic
systems shown in blue. We consider inverse temperatures β ∈ {1, 10, 100, 1000}, or-
bital numbers norb ∈ {1, 2, 5}, and noise levels δ ∈ {10−3, 10−6, 10−9, 10−12}. For each
(β, norb, δ), we generate 104 random configurations {Al, ξl}, with (np)max = 100 and
ωmax = 10.

For all tested temperatures, orbital numbers, noise levels, and random configura-
tions, the ESPRIT-based first approximation becomes systematically more accurate on
the full continuous interval [iωn0 , iωnω−1] as the noise level is reduced. Since the later
stages of the analytic continuation procedure require accurate contour integrals over the
Matsubara axis, as in Eq. (7.11), this behavior is a necessary prerequisite for systemat-
ically improvable continuations. These results show that the first ambiguity discussed
in Sec. 7.2 can be controlled by constructing an approximation that remains accurate
not only at Matsubara points, but also between them.
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Figure 7.6: Three scenarios in which the exact Matsubara data are indistinguish-
able above the precision level 10−4. MPM is performed at noise levels
δ ∈ {10−3, 10−5, 10−7, 10−9}. The inverse temperature is fixed at β = 100.

7.4.1.2. Convergence to the correct spectrum

We now examine whether the second ambiguity discussed in Sec. 7.2 can be overcome. To
this end, we revisit the three examples introduced there. The corresponding Matsubara
data for the three spectral functions are indistinguishable above the precision level 10−4,
but the spectra themselves are visibly different. We perform analytic continuation at
noise levels δ ∈ {10−3, 10−5, 10−7, 10−9}. For the two continuous spectra, we use the
generic mapping in Eq. (7.9); for the discrete spectrum, we use the mapping in Eq. (7.21)
to impose the up-down symmetry and accelerate convergence.

As shown in Fig. 7.6, all recovered spectra eventually converge to the exact spectra
as the data precision increases. This occurs because the second ESPRIT step extracts
the minimal number of complex poles needed to fit the data within the prescribed
precision. As a result, features not supported by the input data are not introduced into
the recovered spectrum. When the data precision is low, only coarse-grained spectral
information is recovered. As the precision increases, finer spectral features become
necessary to fit the input data and are therefore incorporated into the minimal pole
representation.

Thus, within the minimal pole formalism, the second ambiguity is resolved in a sys-
tematic sense: although finite-precision data may still admit many possible spectra,
increasing the input precision drives the recovered spectral function toward the correct
one. This convergence does not rely on explicit prior knowledge of the spectral shape
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and is observed regardless of temperature [38].

7.4.2. Matrix-valued continuations: fermion case
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Figure 7.7: Exact solution (light purple, large) and analytic continuation of di-
agonal (top panel) and off-diagonal (bottom panel) fermionic Mat-
subara Green’s functions of a Hubbard dimer. Continuation is per-
formed using both the mapping (7.9) (MPM, purple) and the map-
ping (7.21) (MPM-restricted, dashed deep purple). The simulations
are conducted at β = 10.

Next, we show an example of a matrix-valued continuation for a simple multi-orbital
system. We analyze the (fermionic) Hubbard dimer given by the Hamiltonian

Ĥ = Ĥ0 + Ĥint + Ĥext + Ĥsb, (7.30)

where Ĥ0 = −
∑

σ(tĉ
†
0σ ĉ1σ + h.c.) −

∑
iσ µn̂iσ, Ĥint =

∑
i Un̂i↑n̂i↓ −

∑
iσ

U
2
n̂iσ, with

n̂iσ = ĉ†iσ ĉiσ being the occupation number operator and i ∈ {0, 1}. Additional terms
Ĥext =

∑
i h(n̂i↑−n̂i↓) and Ĥsb = Ua(n̂0↑n̂0↓−n̂1↑n̂1↓)+µa(n̂0↑+n̂0↓−n̂1↑−n̂1↓)+ha(n̂0↑−
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n̂0↓− n̂1↑+ n̂1↓) are added to break symmetries and generate additional excitations. This
system has two orbitals (four spin-orbitals), and an analytic solution for the spectral
function is available. The Hubbard dimer is a starting point for studying the extended
Hubbard model which is a paradigmatic model of strongly correlated electron systems
[111, 112].

Since the energy levels are discrete, sharp resonances, extracting accurate spectral
functions using the maximum entropy method is known to be difficult [17].

To illustrate the matrix-valued continuation, we study the system in the absence of
noise and evaluate all Green’s function data on the Matsubara axis in double precision.
The parameters are chosen to match those in Ref. [17], with t = 1, U = 5, µ = 0.7,
h = 0.3, Ua = 0.5, µa = 0.2, and ha = 0.03. We perform exact diagonalization at β = 10

to obtain both the exact spectral function and the exact Matsubara Green’s function
G(iωn).

The Matsubara data is then processed using the methodology of Sec. 7.3, with both
the generic holomorphic mapping (7.9), which allows poles anywhere on the complex
plane, and the restricted mapping (7.21), which restricts them to the real axis.

Fig. 7.7 shows that both methods successfully recover the correct diagonal (top panel)
and off-diagonal (bottom panel) results for the Hubbard dimer. The broadening param-
eter, η, is set to 0.01 for visualization purposes. The recovered spectral functions share
the same set of poles, with matrix-valued weights being positive semidefinite.

7.4.3. Matrix-valued continuations: bosonic case

In Fig. 7.8, we obtain similar results for a discrete bosonic response function, using the
Hamiltonian of Eq. (7.30), but replacing the fermionic operators d and d† in Eq. (3.28)
with bosonic density operators n̂iσ = n̂†

iσ = ĉ†iσ ĉiσ. All other parameters remain the same,
except for U , which is now set to 2.5 for better visualization. As shown in Fig. 7.8, both
restricted and unrestricted methods successfully recover the correct spectra.

Note that while it is straightforward to obtain bosonic continuations with the method
of Sec. 7.3, maximum entropy-related methods struggle for bosonic functions due to the
conditioning of the bosonic kernel and the fast decay of bosonic response functions [13].
For noise-free data, a generalization of the bosonic scalar Nevanlinna method [91] to
matrix-valued Carathéodory functions may also be used.
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Figure 7.8: Analytic continuation of bosonic Matsubara Green’s functions ob-
tained from the exact diagonalization of the same discrete Hubbard
dimer system as in Fig. 7.7.

7.4.4. Matrix-valued continuations: continuous system

In Fig. 7.9, we examine the method for the case of a continuous spectral function. Poles
of this approximation have to be in the lower half of the complex plane, since poles on
the real axis would result in a discrete spectral function.

For the fermion case, we model the diagonal and off-diagonal spectra as Adiag(ω) =

0.25g(ω,−1.5, 0.5)+0.5g(ω, 0, 0.5)+0.25g(ω, 1.5, 0.5) andAoff−diag(ω) = −0.2g(ω,−1, 0.6)
+0.2g(ω, 1, 0.6), where g(ω, µ, σ) = 1√

2πσ
exp

(
− (ω−µ)2

2σ2

)
is the Gaussian function. For

the bosonic case, we useAdiag(ω) = −0.6g(ω,−1.2, 0.8)+0.6g(ω, 1.2, 0.8) andAoff−diag(ω)

= −0.13g(ω,−2, 0.5) + 0.1g(ω,−1, 1) − 0.1g(ω, 1, 1) + 0.13g(ω, 2, 0.5). The Matsubara
Green’s functions are calculated from Eq. (3.40) at β = 20. The matrix-valued Matsub-
ara data are then processed with the mapping (7.9).

These superpositions of Gaussians are not easily approximated by sums of poles, as
the pole spectra correspond to Lorentzians. Nevertheless, both fermionic and bosonic
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Figure 7.9: Analytic continuation of a continuous spectral function. Top panel:
fermionic case; bottom panel: bosonic case. Blue circles represent the
locations of the shared poles, with their weights indicated by the color
bar. The simulations are carried out at β = 20.

spectra are recovered well with shared poles. Fig. 7.9 shows the diagonal (thick purple
lines) and off-diagonal (thick blue lines) spectra along with the recovered analytic con-
tinuation of the matrix-valued problem (dashed purple and dot-dashed blue lines). The
fermion problem is shown in the top graph, the bosonic problem in the bottom graph,
both evaluated at η = 0+. Also shown are the pole locations ξl and the Frobenius norm
of the pole strength, as indicated in the color bar on the right. Note that poles are
shared between diagonal and off-diagonal Green’s function components.

Fig. 7.10 analyzes the sensitivity of the analytic continuation to random noise. We
evaluate the robustness to noise by adding Gaussian random noise δ ∈ {10−2, 10−4, 10−6}
to the input Matsubara, as described in Eq. (7.28). In agreement with the scalar-valued
case [38], the main features of the spectra are well reproduced even with relatively high
noise levels. As the noise level decreases, both the diagonal and off-diagonal spectra
rapidly converge to the exact result.
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Figure 7.10: Noise robustness analysis of the MPM algorithm, performed by
adding Gaussian random noise with amplitudes δ ∈ {10−2, 10−4, 10−6}.
(a) Diagonal and (b) off-diagonal fermionic case. (c) Diagonal and
(d) off-diagonal bosonic case.

7.4.5. Recovering extreme spectra with prior knowledge

Although MPM can recover the correct spectrum as the data precision increases, some
spectra may be so extreme that the precision required to observe convergence becomes
prohibitively high. In this section, we demonstrate how prior knowledge can be incor-
porated in such situations.

We consider the example examined in Ref. [29]. The spectral function is given by
A(ω) = g(ω, 2.93, 0.064), which is sharp, non-Lorentzian, and far from the imaginary
axis. Fig. 7.11(a) compares the exact and recovered spectra and shows a significant
discrepancy. The origin of this discrepancy is illustrated in the inset: the corresponding
Green’s functions on the imaginary axis (−i∞, i∞) are indistinguishable up to 12-
digit precision, indicating that the spectra in this case are highly non-unique at double
precision. Therefore, without additional prior knowledge, 64-bit floating-point precision
is insufficient to recover the correct spectrum.

If prior knowledge is available, however, the convergence can be significantly ac-
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Figure 7.11: An extreme example of a spectral function that is sharp, non-
Lorentzian, and far from the imaginary axis. (a) Continuation per-
formed at 64-bit floating-point precision without introducing prior
knowledge. The inset in (a) shows the difference between the corre-
sponding Green’s functions on the imaginary axis [0, i∞). (b) Con-
tinuation after incorporating prior knowledge of the Gaussian peak,
performed at different noise levels δ ∈ {10−6, 10−8, 10−10, 10−12}. The
inset in (b) shows the convergence of the recovered mean value µ
and standard deviation σ of the Gaussian peak as the noise level δ
decreases.

celerated. Fig. 7.11(b) shows the results obtained after incorporating the knowledge
that the spectrum consists of a Gaussian peak. The continuation is performed at
noise levels δ ∈ {10−6, 10−8, 10−10, 10−12}. The recovered pole information {Al, ξl}
is first used to compute the spectral moments Âk via Eq. (7.25). The mean value
and standard deviation of the Gaussian peak are then estimated as µ ≈ Â1/Â0 and
σ ≈

√
Â2/Â0 − (Â1/Â0)2, respectively. As shown in Fig. 7.11(b), already at a noise

level of 10−6, the width of the Gaussian peak, i.e., its standard deviation, can be re-
liably recovered. As the noise level decreases further, both µ and σ converge rapidly.
For δ ≥ 10−5, the Gaussian width cannot be reliably recovered, consistent with the
conclusion of Ref. [29].
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Figure 7.12: MPM continuation of Quantum Monte Carlo (CT-HYB) data ob-
tained from the single impurity Anderson model embedded in an
infinite-dimensional Bethe lattice. The upper panels compare the
recovered and exact spectra for different numbers of Monte Carlo
samples, while the lower panels show the corresponding differences.
Simulations are performed at β = 20.

7.4.6. Application to quantum Monte Carlo data

We further test the method on noisy Quantum Monte Carlo data obtained from a
continuous-time hybridization expansion (CT-HYB) simulation [113]. The system con-
sidered here is the single impurity Anderson model embedded in an infinite-dimensional
Bethe lattice. The simulations are performed at inverse temperature β = 20, and ana-
lytic continuation is carried out for different numbers of Monte Carlo samples, nsample.

The upper panels of Fig. 7.12 show that the quality of the recovered spectrum improves
systematically as the number of samples increases, or equivalently, as the precision of
the input data improves. The lower panels show the corresponding differences between
the exact and recovered spectra. The error decreases with increasing nsample, confirming
that the continuation improves as the statistical uncertainty of the CT-HYB data is
reduced. This example demonstrates that the method can be applied to noisy Monte
Carlo data and that the recovered real-frequency spectrum becomes more reliable as the
input data quality improves.
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7.4.7. Application to scalar and matrix-valued real-materials
data
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Figure 7.13: Spectral function (band structure) of Si obtained by analytic con-
tinuation of self-consistent GW data [17, 95] at inverse temperature
β = 700 Ha−1. We use the same input Matsubara data for all plots and,
for clearer visualization, evaluate the spectral function at η = 0.005
above the real axis, introducing an artificial broadening. Left panel:
scalar continuation of the diagonal elements of the Green’s function.
Middle panel: matrix-valued continuation of the Green’s function.
Right panel: matrix-valued continuation of the self-energy followed
by a Dyson equation on the real axis to obtain the real-frequency
Green’s function. Top set of plots: continuation with the method
presented in Sec. 7.3. Middle set of plots: evaluation with DLR co-
efficients as presented in Sec. 7.3.5. Bottom panel: evaluation with
Nevanlinna [16] and Carathéodory [17] methods.

As a final example, we present an application of the method to a real materials simu-
lation. Response functions in such simulations typically spread a large range of energies
and are therefore very sensitive to inaccuracies in the real- or imaginary-frequency grids
and the continuation method.

We choose crystalline Si as an example system, simulated in the fully self-consistent
GW approximation with the GREEN open-source software package [83]. Simulations
are carried out in Gaussian orbitals (basis set gth-dzvp-molopt-sr [114] with gth-pbe
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pseudopotential [115]), with integrals generated by the PySCF package [116]. Calcu-
lations are performed on a 6 × 6 × 6 k-point grid with 26 orbitals per unit cell. After
achieving convergence, the orbitals are interpolated on a grid with 200 k points along a
high-symmetry path in reciprocal space and then transformed into an orthogonal orbital
basis. The simulations are conducted at β = 700 Ha−1, where Ha denotes the Hartree
energy. To perform the continuation, the Matsubara data are evaluated [80] on the first
1000 positive Matsubara frequencies from 104 IR frequencies [79].

We present results of the continuation presented in this chapter in the top panel of
Fig. 7.13. The top left panel displays the sum of the scalar analytic continuation of the
diagonal elements. In this approach, each continuation is carried out as described in
Ref. [38], with n0 automatically determined using the method outlined in Sec. 7.3.1. The
middle panel presents results from a matrix-valued continuation where the Green’s func-
tions share common poles, and all diagonal and off-diagonal entries are simultaneously
continued, respecting the positive semidefinite pole structure. Finally, the right panel
shows results from the matrix-valued continuation of the self-energy, followed by the
evaluation of the Dyson equation on the real axis to obtain the real-frequency Green’s
function. This procedure is analogous to the one described in Ref. [17]. The poles are
allowed to lie anywhere in the lower half of the complex plane.

Results from the accelerated algorithm using DLR coefficients for diagonal, matrix,
and self-energy continuation are shown in the middle row of Fig. 7.13.

In the lower panel of Fig. 7.13, we present results from state-of-the-art methods:
the Nevanlinna continuation [16] for scalar-valued cases and the Carathéodory con-
tinuation [17] for matrix-valued cases, both performed directly on the IR grid. The
broadening parameter η is set to 0.005 for all plots to ensure a consistent comparison.

All continuation methods result in sharp bands and consistent band gaps; the degen-
eracies of the bands at high-symmetry points and along high-symmetry directions are
accurately recovered. Green’s function and self-energy continuations agree on the value
of band gaps and the main spectral features. High-lying bands are generally sharper in
the continuations of the self-energy. The DLR based algorithm presented in Sec. 7.3.5
typically generates a less clear band structure than the algorithm employing the method
of Sec. 7.3.1 for both the scalar and the matrix continuation of the Green’s function. In
contrast, when continuing from the self-energy, the two methods exhibit nearly identical
resolution, which is observed to be superior to that of the Green’s function continuation

87



and comparable to results from the Nevanlinna or Carathéodory continuation.
We attribute the above observations to the following reasons. First, since different

elements of the Green’s function have similar accuracy, including off-diagonal informa-
tion in the matrix-valued continuation shown in the middle panels provides little, if any,
improvement over the scalar continuation shown in the left panels. Second, the DLR
variant can be viewed as a faster version of MPM with a larger n0, meaning that more
low-frequency Matsubara points are discarded. It therefore usually runs faster, but pro-
duces less accurate results than the original MPM for both the scalar and matrix-valued
continuations of the Green’s function. On the other hand, the spectral density of the
self-energy in this example is much smoother and contains fewer sharp features than
that of the Green’s function. Its convergence with respect to the number of complex
poles is therefore much faster, so the precision of the input data is more than suffi-
cient. As a result, the DLR variant yields a band structure of comparable quality to
that obtained from the original MPM, while requiring substantially less computational
time. Note that, to eventually obtain the Green’s function, one must continue the full
self-energy matrix, since the Dyson equation involves a matrix inverse. This justifies
the matrix-valued continuation developed in this work.

All results from the minimal pole method and its DLR variant are obtained using the
mapping in Eq. (7.9). Due to the sharp features present in the band structure, one can
alternatively use the mapping in Eq. (7.21) to restrict the poles to the real axis when
continuing scalar and matrix-valued Green’s functions.

Compared to the Carathéodory continuation method discussed in Ref. [17], which in-
terpolates a causal matrix-valued solution, the fitting approach presented here operates
in double precision and is robust to noise. Due to the need for multi-precision arithmetic,
results for the Carathéodory continuation as implemented by the TRIQS Nevanlinna
package [117] [bottom panel of Fig. 7.13] required ten times more CPU time than the
results based on the method introduced in Sec. 7.3.1 [top panel of Fig. 7.13]. Further-
more, the continuation based on the DLR expansion, presented in Sec. 7.3.5 [middle
panel of Fig. 7.13], completed in minutes on a single core, resulting in an additional
computational speedup of three orders of magnitude.
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7.5. Conclusions
The analytic continuation of matrix-valued correlation functions of data from finite-
temperature field theories is essential for interpreting spectral functions in systems with
off-diagonal correlations, for evaluating derived quantities such as optical response func-
tions on the real axis, and for interpreting anomalous order in superconducting systems.

This chapter presents a theoretical framework and numerical method based on the
construction of an approximation with shared poles for analyzing and continuing such
correlation functions. We show that the method works well in a variety of setups,
including fermionic and bosonic, discrete and continuous, as well as model and real
materials systems. Unlike methods based on interpolation with causal functions [17],
this method is robust to noise and eliminates the need for multi-precision arithmetic.
In contrast to methods based on smoothness principles [13], it is capable of resolving
both sharp and smooth features.

Numerical analytic continuation remains an ill-posed problem. In practice, whether
the minimum information principle imposed by the pole approximation presented here
leads to a suitable spectral function for a system at hand needs to be evaluated on a
case-by-case basis.

The representation and compression of spectral functions on the real axis with a
minimum number of complex poles using the methods presented here, and the solution
of dissipative systems based on these pole representations are closely related problems
that will be examined in future work.

Our work is accompanied by an open-source software implementation of all methods
presented here, written in the programming language Python [118, 119].
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Chapter 8

Real-Frequency Bath Fitting

This chapter is based on Lei Zhang, André Erpenbeck, Yang Yu and Emanuel
Gull, Minimal pole representation for spectral functions, J. Chem. Phys. 162,
214111 (2025) [40].

8.1. Introduction
The accurate representation of a continuous quantum system by a few discrete degrees
of freedom is a fundamental problem in condensed matter science. Applications of
this problem appear whenever the solution of quantum impurity problems requires a
Hamiltonian representation [120–123] with a few degrees of freedom [120, 124–127];
whenever transport in open systems is modeled by coupling dissipative bath states to
a correlated subsystem [128–130], and wherever fast quasi-analytic calculations in a
Green’s function language are needed [104].

Compact and accurate representations of Green’s functions are essential in compu-
tational many-body simulations [76, 77, 79, 80, 82, 131–133]. A compact and accurate
representation respecting the analytic properties of equilibrium Green’s function has re-
cently been introduced [38, 39] in the context of analytic continuation [13, 16, 17, 35–37,
100] of imaginary-frequency Matsubara Green’s functions and is based on the realiza-
tion that most objects of interest in many-body theory, such as retarded or advanced
Green’s functions, susceptibilities, and spectral functions are related to Nevanlinna func-
tions [16, 17]. The retarded Green’s function in particular is analytic in the upper half
of the complex plane, its imaginary part coincides (up to a constant prefactor) with the
spectral function just above the real axis, and all of its poles lie in the lower half of

90



the complex plane. With the help of suitable holomorphic mappings, the problem of
accurately approximating the Green’s function in the upper half plane simplifies to an
exponential approximation problem [36–39], for which well-established signal processing
methodology exists [47, 51, 54].

Although functions known directly on the real axis do not suffer from the ill-conditioning
of the analytic continuation problem, in practical applications they, too, benefit from
systematically improvable compact representations in terms of poles in the complex
plane. Such representations enable fast calculations of diagrams in perturbation theory
[104, 134], fast propagation of real-time quantities in hierarchical equation of motion
calculations [128–130], and a systematic analysis of the features contained in spectral
data [38, 39].

This chapter will present systematic methods for constructing approximations of spec-
tral functions from real-frequency spectral data and show applications to real-frequency
spectra, as well as their real-time Fourier transforms. The remainder of the chapter is
organized as follows. In Sec. 8.2, we introduce the minimal pole method (MPM) for
constructing compact approximations of spectral functions. Section 8.3 presents numer-
ical results that demonstrate the performance of the method on representative spectral
functions, Green’s functions in the complex plane, and bath correlation functions for
both synthetic and structured spectral data. Finally, Sec. 8.4 provides a summary and
concluding remarks.

8.2. Method
The main object of interest in this work is a real-valued spectral function Aex(ω) known
on the real axis, ω ∈ R. We aim to find an approximation to this function consisting of
2M poles in the complex plane of the form

A(z) =
M∑
l=1

(
A

(dn)
l

z − ξ(dn)l

+
A

(up)
l

z − ξ(up)l

)
, (8.1)

with z ∈ C and A(z = ω) ≈ Aex(ω), where A(dn)
l and ξ

(dn)
l are complex weights and

pole locations in the lower half of the complex plane, while A(up)
l and ξ

(up)
l are their

counterparts in the upper half-plane.
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Since the spectral function is real, the poles satisfy the following symmetry:

ξ
(up)
l = (ξ

(dn)
l )∗ and A

(up)
l = (A

(dn)
l )∗ , (8.2)

and we restrict most of the following discussion to recovering the M poles in the lower
half of the complex plane. These poles are related to those of the corresponding retarded
Green’s function.

8.2.1. Minimal Pole Method

ω∈(−∞,+∞)

ω∈ [ωmin, ωmax]

M1

M2

ω

z

u

u

Figure 8.1: Left: The original complex plane z with the spectral function on
the real-frequency axis (purple) and pole locations (green triangles).
Right: Representations using two different mappings (M1 and M2).
Top right: The complex plane u after applying the holomorphic map-
ping (8.3), which transforms the entire real-frequency range (−∞,+∞)
onto the unit circle. This mapping places poles from the lower (upper)
half-plane into the interior (exterior) of the unit circle. Bottom right:
Similar to M1, but employing the holomorphic mapping (8.4). This
transformation maps the finite real-frequency interval [ωmin, ωmax] onto
the unit circle, positioning all poles inside the unit circle.

As first discussed in the context of analytic continuation in Refs. [36, 37], applying a
holomorphic mapping to Matsubara data followed by the application of the residue theo-
rem reformulates the continuation problem into an exponential approximation or ‘Prony’
problem. More recently, Refs. [38, 39] demonstrated that once a continuous imaginary
interval is adequately approximated from discrete Matsubara data, this methodology
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ensures systematic convergence of the spectral function with increasing data precision.
The spectral approximation problem on the real axis can be formulated in much the
same way, with the main difference between the analytic continuation and the real-
frequency problem being the holomorphic mappings. In this chapter, we abbreviate the
minimal pole method as MPM.

Among the infinitely many possible choices, we find the following two holomorphic
mappings particularly useful for the real-frequency problem: one is used to construct a
controlled approximation over the entire real-frequency axis ω ∈ (−∞,+∞), while the
other is designed for controlled approximation over a finite interval ω ∈ [ωmin, ωmax] of
interest. We note that other mappings are possible.

For the former case, which takes the spectral weight of A(ω) over the entire frequency
range as input, we propose applying the Möbius transform{

u = f(z) = z+iωp

z−iωp

z = f−1(u) = iωp
u+1
u−1

, (8.3)

where ωp ∈ R+ is a free parameter, chosen in practice such that the mapped poles are
well separated—typically on the same order as the width of the energy window (see
Sec. 8.3 for concrete examples). We denote this mapping as M1.

For the latter case, where A(ω) has compact support in the interval [ωmin, ωmax], we
propose applying the transform{

u = f(z) = zs +
√
z2s − 1 with zs =

z−ωm

∆ωh

z = f−1(u) = ∆ωh

2
(u+ 1

u
) + ωm

, (8.4)

where ωm = (ωmin + ωmax)/2, ∆ωh = (ωmax − ωmin)/2, and the branch of the square
root is chosen such that |u| ≤ 1. We denote this mapping as M2. Illustrations of both
M1 and M2 are shown in Fig. 8.1, with a detailed performance comparison provided in
Sec. 8.3.

By applying these mappings u = f(z), the real axis or the finite interval are mapped
onto the unit circle ∂D̄ in the complex u-plane and Eq. (8.1) transforms into

A′(u)=
M∑
l=1

(
A′

l(dn)

u− ξ′l(dn)
+

A′
l(up)

u− ξ′l(up)

)
+ analytic part, (8.5)
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where A(z) ≡ A′(u). Since the function is known on the unit circle of the mapped
plane, one may apply the residue theorem to extract the location of the mapped poles
via contour integrals along the unit circle. As shown in Refs. [36, 37], after defining the
contour integral hk as

hk :=
1

2πi

∫
∂D̄

duA′(u)uk, k ≥ 0, (8.6)

the residue theorem implies
hk =

∑
l

A′
lξ

′k
l , (8.7)

which is a Prony-type problem (see Ch. 4 for a discussion of Prony approximation
problems and their solution). Here, {A′

l, ξ
′
l} represent the poles mapped inside the unit

circle. As illustrated in Fig. 8.1, the poles inside the unit circle correspond to those
mapped from the lower half-plane in M1, and to all poles in M2.

For the mapping M1 of Eq. (8.3), the contour integral Eq. (8.6) simplifies to

hk =
1

2π

∫ 2π

0

dθ A(ωp cot(θ/2))e
i(k+1)θ. (8.8)

Similarly, the contour integral Eq. (8.6) for M2 of Eq. (8.4) simplifies to

hk =
1

π

∫ π

0

dθA(ωm +∆ωh cos θ) cos(k + 1)θ. (8.9)

Given spectral functions on the real axis, the integrals hk (k = 0, 1, 2, . . .) can be
numerically evaluated to high precision using standard quadrature rules. Since the
poles {A′

l, ξ
′
l} lie strictly inside the unit circle, hk decays with increasing k according to

Eq. (8.7). Therefore, the computation of hk can be terminated once the target precision
ε is reached—i.e., when |hk| ≤ ε—or when a maximum number of terms kmax is reached
if hk decays slowly, whichever occurs first.

Knowing hk, the Prony-type approximation problem of Eq. (8.7) can then be solved
with standard solution methods for the Prony problem, resulting in M values A′

l(dn)

and x′l(dn). M is either determined a priori as a fixed number of poles, or adjusted
dynamically such that a target precision is reached. Ch. 4 contains more details for the
Prony problem and its solution with the ESPRIT method.
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Finally, the values x(dn)l are recovered using the inverse transform [36, 37]

ξ
(dn)
l = f−1(ξ′l(dn))

=

{
iωp

ξ′l(dn)+1

ξ′l(dn)−1
, for M1

∆ωh

2
(ξ′l(dn) +

1
ξ′l(dn)

) + ωm , for M2
, (8.10)

and A
(dn)
l are obtained using the relation [38, 39]

A
(dn)
l =

dz

du

∣∣∣∣
ξ′l(dn)

× A′
l(dn)

=

 −
2iωp

(ξ′l(dn)−1)2
A′

l(dn) , for M1
∆ωh

2

(
1− 1

ξ′l(dn)
2

)
A′

l(dn) , for M2
. (8.11)

This procedure yields the poles in the lower half of the complex plane. The poles in the
upper half-plane are determined using the symmetry relation of Eq. (8.2).

In the case of multi-orbital systems and matrix-valued retarded Green’s functions,
it is often physically insightful to approximate the system using shared complex poles
with matrix-valued weights. In this case, a matrix-valued generalization of the ESPRIT
algorithm [39] can be employed.

8.2.2. Applications

8.2.2.1. From the spectral function to the Green’s function on the complex
plane

The Green’s function G(z) in the frequency domain is related to the spectral function
A(ω) by [1, 3, 5, 6, 135] {

G(z) =
∫ +∞
−∞ dωA(ω)

z−ω
,

A(ω) = − 1
π
Im[G(ω + i0+)].

(8.12)

The retarded and the advanced Green’s functions on the real axis are related to G(z) as

Gret/adv(ω) = G(ω ± i0+) . (8.13)
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When evaluated on the Matsubara frequencies iωn with ωn = (2n+1)π/β for fermionic
and ωn = 2nπ/β for bosonic Green’s functions, n ∈ Z, the function G(z) corresponds
to the Matsubara Green’s function:

GMat(iωn) = G(iωn) . (8.14)

Below, we discuss the relationship between the poles in Eq. (8.1) and G(z).
The real and imaginary parts of G(z) are closely related to each other. We divide the

discussion here into two cases: First, the case close to the real axis, z = x ± i0+ and
second the general case where Imz ̸= 0 is finite.

The Hilbert transform along the real axis is defined asHf(x+iy) = 1
π
P
∫ +∞
−∞ dx′ f(x

′+iy)
x−x′ ,

where P denotes the Cauchy principal value. For z = x ± i0+, using the Sokhotski–
Plemelj theorem 1

x±i0+
= ∓iπδ(x) + P( 1

x
) and the properties of the Hilbert transform:

Hδ(x) = 1
πx

and HHf ≡ −f , the real and imaginary parts of the retarded/advanced
Green’s function satisfy ImG(ω ± i0+) = ±HReG(ω ± i0+), which are the Kramers-
Kronig relations [44–46]. For Imz away from the real axis, since H |y|

x2+y2
= x

x2+y2
, it can

also be shown that ImG(x ± iy) = ±HReG(x ± iy) for y > 0. In summary, the real
and imaginary parts of the Green’s function exhibit different parities in the upper- and
lower-half of the complex plane:

ImG(z) = sign(Imz) HReG(z) . (8.15)

In addition, due to the symmetry

G(z∗) = G(z)∗ , (8.16)

it suffices to focus on recovering G(z) in the upper half-plane. Because of the symme-
try in Eq. (8.2), A(ω) can be reconstructed solely from poles in the lower half-plane.
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Furthermore,

2
M∑
l=1

A
(dn)
l

ω + i0+ − ξ(dn)l

= A(ω) + iHA(ω)

= − 1

π
ImG(ω + i0+) +

i

π
ReG(ω + i0+)

=
i

π
G(ω + i0+) . (8.17)

Therefore, poles in the lower half-plane provide a natural way to perform the Hilbert
transform, and the retarded Green’s function can be constructed as

G(ω + i0+) = −2πi
M∑
l=1

A
(dn)
l

ω + i0+ − ξ(dn)l

. (8.18)

Replacing ω + i0+ with z for Imz > 0 in Eq. (8.18) gives an approximation of G(z) in
the upper half-plane

G(z) = −2πi
M∑
l=1

A
(dn)
l

z − ξ(dn)l

, Imz > 0. (8.19)

As we will show, A(ω) can be approximated by complex poles to arbitrary precision
over ω ∈ (−∞,+∞) by utilizing the M1 mapping. By Eq. (8.18), the approximation
of G(z) at z = ω + i0+ (ω ∈ (−∞,+∞)) can also be achieved to arbitrary precision.
Since both the exact Green’s function in Eq. (8.12) and the approximation in Eq. (8.19)
are analytic for Im z > 0 and their differences on the boundary can be made arbitrarily
small, the Green’s function throughout the upper half-plane can be fully described by
A

(dn)
l and ξ

(dn)
l with arbitrary precision according to the maximum modulus principle.

This confirms that the complex pole representation is numerically sufficient to capture
all features of G(z), which forms the theoretical foundation for works based on the
complex pole representation, such as Refs. [36–39, 136, 137].

8.2.2.2. Decomposition of exponentials for real-time evolution

In the simulation of open quantum systems, the bath correlation function (BCF), de-
noted as C(t), plays a central role as it fully characterizes the influence of the environ-
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ment on the system of interest. Simulation methods, such as the hierarchical equations
of motion (HEOM) [56, 128, 130, 138–146], the hierarchy of pure states [147], the pseu-
domodes approach [148], auxiliary master equation methods (AMEA) [129, 149, 150],
and the recently developed quasi-Lindblad theory [108], rely on its efficient expansion
of exponentials,

C(t) =
1

2π

∫ +∞

−∞
dωJ(ω)

[
coth

(
βω

2

)
+ 1

]
e−iωt

≈
M∑
l=1

ηle
−γlt . (8.20)

The first identity follows from the fluctuation–dissipation theorem for a system coupled
to a bosonic reservoir, where J(ω) represents the bath spectral density. The second line
expresses C(t) as a finite sum of decaying complex exponentials, with γl ∈ C (Re[γl] > 0)
and complex weights ηl ∈ C.

Defining the effective spectral function as

A(ω) = J(ω)

[
coth

(
βω

2

)
+ 1

]
, (8.21)

and decomposing it into a sum of poles as in Eq. (8.1), the residue theorem ensures that
the approximation in Eq. (8.20) can be recovered as

ηl = −iA(dn)
l , γl = iξ

(dn)
l . (8.22)

A similar procedure can be readily applied in the zero-temperature limit. In this case,
Eq. (8.20) simplifies to

C(t) =
1

π

∫ +∞

0

dω J(ω)e−iωt . (8.23)

One can then define the effective spectral function as A(ω) = 2J(ω) for ω > 0, and
A(ω) = 0 otherwise. The relation in Eq. (8.22) remains valid in this limit.

In practice, when using the mapping MPM (M1), A(ω) is accurate across the entire
real-frequency axis, ensuring that C(t) remains accurate across the entire real-time axis.
In contrast, when using MPM (M2), since the approximation is only accurate over a
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finite interval, there exists a time cutoff tc beyond which the approximation of C(t)
becomes less accurate. The cutoff tc can be identified by adjusting the L parameter in
the numerical solution of the problem Eq. (8.7) with ESPRIT (see Ch. 4). Let Ĉ(L1)(t)

and Ĉ(L2)(t) denote two approximations of C(t) obtained using different L values. If

|Ĉ(L1)(t)− Ĉ(L2)(t)| ≤ ε , (8.24)

the approximation is assumed to be accurate at time t. Conversely, if the difference is
uncontrolled, the approximation is considered unreliable. In practice, we use L1 = 2N/5

and L2 = N/2 in all our implementations.

8.3. Results

8.3.1. Approximation of typical spectral functions

We evaluate the pole approximation method by examining three paradigmatic spectral
functions that are analytically known on the real axis: a Kondo-like structure, a bosonic
multi-orbital spectral function, and a semicircular density of states for MPM (M1). For
convenience, we adopt atomic units in Secs. 8.3.1 and 8.3.2, as is customary in studies
of model Hamiltonians within the condensed matter community. The free parameter
ωp in the mapping is set to ωp = 2. For the calculation of the contour integral, we use
kmax = 3000 and a precision of ε = 10−12, as defined in Sec. 8.2.1. MPM (M2) yields
very similar results, except that the approximation is confined to the finite interval
[ωmin, ωmax] (not shown).

We first examine the performance for a “Kondo-like” spectral function of the form

A(ω) = 0.2g(ω,−2, 0.5) + 0.6l(ω, 0, 0.01) + 0.2g(ω, 2, 0.5) , (8.25)

where g(ω, µ, σ) = 1√
2πσ

exp
{
− (x−µ)2

2σ2

}
is a Gaussian function, and l(ω, µ, γ) = 1

π
γ

(ω−µ)2+γ2

is a Lorentzian. As shown in Fig. 8.2(a), the spectrum exhibits both sharp and smooth
features but is analytic on the real axis. Fig. 8.2(b) presents the deviation between
the approximated and exact functions as a function of M , evaluated on a uniform real-
frequency grid spanning [−10, 10] with 105 points for concreteness. The approximation
remains well controlled even at higher frequencies. As seen in Fig. 8.2(c), increasing the
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(ω

)
−
A

(ω
)|| (g)M =3

7

11

15

19
−5 0 5

Re[ξl]

−3

0

3

Im
[ξ
l]

(h)

−2 0 2
ω

0.0

0.2

0.4

A
(ω

)

(i)

5 10 15 20
M

10−7

10−4

10−1
er

ro
r(
|Â
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Figure 8.2: Spectral recovery using MPM (M1) for different density of states:
Kondo-like (top row), bosonic multi-orbital (middle row), and semi-
circular (bottom row). First column: Exact spectral function A(ω).
Second column: Maximum (red pentagons) and mean (blue circles) of
the deviation as a function of the number of complex poles M in the
lower half-plane. Third column: Distributions of the absolute differ-
ence as a function of real frequency ω. Fourth column: Distribution
of complex poles in the complex plane z for M = 9 (red circles) and
M = 19 (blue triangles).

number of poles leads to exponential convergence of the spectral function to the known
solution. Moreover, the sharp peak at the origin is approximated just as accurately as
the broader peaks around ω = ±2. Finally, Fig. 8.2(d) shows the distribution of poles,
with those corresponding to sharp features located close to the real axis, while those
representing smooth features are positioned farther away.

We further assess the quality of the approximation for a multi-orbital bosonic system,
where the spectral functions are given byAdiag(ω) = −0.6g(ω,−1.2, 0.8)+0.6g(ω, 1.2, 0.8)

and Aoff−diag(ω) = −0.13g(ω,−1.8, 0.5)+0.1g(ω,−1, 1)−0.1g(ω, 1, 1)+0.13g(ω, 1.8, 0.5).

In this case, the absolute difference | · | for scalars is replaced by the matrix norm || · ||,
defined as the maximum absolute difference among all matrix elements. As shown in
Figs. 8.2(f) and (g), the convergence behavior remains similar to the scalar case, with
no noticeable slowdown due to the inclusion of off-diagonal elements. The distribution
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of shared poles, shown in Fig. 8.2(h), reveals that all poles lie far from the real axis.
This is a direct consequence of the absence of sharp spectral features.

We remark that the above conclusions hold for all of the smooth spectral functions
we tested, regardless of their precise form. Given an error tolerance ε, MPM (M1)
could always determine a finite set of poles such that |Â(ω) − A(ω)| ≤ ε for any ω ∈
(−∞,+∞). Furthermore, the number of poles is minimal for a given precision, as
ensured by the exponential decay of singular values in the singular value decomposition
(SVD) of ESPRIT (see Ch. 4).

Finally, we evaluate the approximation for a spectral function featuring singularities:
a semicircular density of states,

A(ω) =

{
1

2πt2

√
4t2 − ω2 , |ω| ≤ 2t

0 , |ω| > 2t
, (8.26)

which corresponds to the local density of states for an infinite-dimensional Bethe lattice
[151]. The hopping parameter is set to t = 1, resulting in square-root singularities at
ω = ±2. As shown in Fig. 8.2(k), the approximation converges exponentially away from
the singularities as M increases. However, as depicted in Fig. 8.2(j), the presence of
singularities slows down convergence. Despite the challenges posed by these singularities,
their impact on practical calculations based on complex poles is typically small, as will
be demonstrated in the next section. Fig. 8.2(l) shows the distribution of poles which
cluster around the singular points.

8.3.2. Reconstructing the Green’s function in the complex
plane

In this section, we assess the accuracy of the Hilbert transform to recover the Green’s
function in the entirety of the complex plane for the examples discussed in the previous
section.

The exact expression for the real part of the retarded Green’s function corresponding
to the Kondo-like spectral function in Eq. (8.25) is given by

Re[Gret(ω)] = 0.2πg̃(ω,−2, 0.5) + 0.6πl̃(ω, 0, 0.01) + 0.2πg̃(ω, 2, 0.5) , (8.27)
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where g̃(ω, µ, σ) =
√
2

πσ
D
(

ω−µ√
2σ

)
and l̃(ω, µ, γ) = 1

π
ω−µ

(ω−µ)2+γ2 are the Hilbert transforms
of the Gaussian and Lorentzian functions, respectively, with D(x) denoting the Dawson
function. Similar to the spectral function (imaginary part), the real part exhibits sharp
features at the origin and smooth variations elsewhere, while remaining analytic on the
entire real axis, as shown in Fig. 8.3(a). The approximation is accurate on all of the
real axis, as demonstrated in Figs. 8.3(b) and (c). Additionally, Fig. 8.3(d) illustrates
the performance of the approximation along the entire positive imaginary axis, which is
consistently at least as accurate as on the real axis.

The exact expression for the matrix-valued bosonic spectrum is given by Re[Gret
diag(ω)] =

−0.6πg̃(ω,−1.2, 0.8) + 0.6πg̃(ω, 1.2, 0.8) and Re[Gret
off−diag(ω)] = −0.13πg̃(ω,−1.8, 0.5) +

0.1πg̃(ω,−1, 1) − 0.1πg̃(ω, 1, 1) + 0.13πg̃(ω, 1.8, 0.5). As shown in the middle panel of
Fig. 8.3, the convergence behavior closely follows that of the spectrum presented in
Fig. 8.2.

For any smooth spectral function, MPM (M1) determines a minimal number of poles
such that, for a given precision ε, the approximation satisfies

|Ĝret(ω)−Gret(ω)| ≤ ε for any ω ∈ (−∞,+∞). (8.28)

Since both Gret(z) and Ĝret(z) are analytic in the upper half-plane, the maximum mod-
ulus principle ensures that the approximation remains strictly bounded by ε throughout
the entire upper half-plane.

The analysis continues with the remaining example of semicircular density of states
given in Eq. (8.27), which has the following exact expression for the retarded Green’s
function:

Re[Gret(ω)] =

{
ω
2t2

, |ω| ≤ 2t
ω−sign(ω)

√
ω2−4t2

2t2
, |ω| > 2t

. (8.29)

As shown in Fig. 8.3, the approximation quality closely follows the trend observed in
Fig. 8.2: points far from singularities converge significantly faster than those near them.
No computational issues arise along the imaginary axis, as illustrated in Fig. 8.3(l).
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(i
y

)
−
G

(i
y

)||

(h)
M =3

7
11

15

19

−5 0 5
ω

−1

0

1

R
e[
G

(ω
)]

(i)

5 10 15 20
M

10−7

10−4

10−1

er
ro

r(
|R

e[
Ĝ
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|Ĝ
(i
y

)
−
G

(i
y

)|

(l)

M =3
7
11
15
19

−1 0 1
−30

0

30

Figure 8.3: Same setup as Fig. 8.2, but now for the real part of the retarded
Green’s function and the Matsubara Green’s function. First column:
Exact real part of the retarded Green’s function, corresponding to the
Hilbert transform of πA(ω). Second column: Error of Re[G(ω)] as a
function of M . Third column: Distribution of the absolute difference
|Re[Ĝ(ω)]− ReG(ω)| as a function of ω. Fourth column: Distribution of
the absolute difference |Ĝ(iy)−G(iy)| on the positive imaginary axis.

8.3.3. Decomposing model spectral densities for real-time
evolution

In this section, we evaluate the performance of the methods on the BCF derived from
a power-law spectral density with an exponential cutoff. To better serve the open
quantum systems community, we explicitly provide the units of physical quantities in
Secs. 8.3.3 and 8.3.4. We compare our results with those obtained using the adaptive
Antoulas–Anderson (AAA) algorithm [152, 153], which operates on the real-frequency
domain, as well as with those obtained from the direct decomposition of the BCF using
ESPRIT [53, 54].

The spectral density is defined as

J(ω) = αω1−s
c ωse−ω/ωc for ω ≥ 0, (8.30)
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and extended to negative frequencies ω < 0 by J(ω) = −J(−ω). This form is classified
as Ohmic, sub-Ohmic, or super-Ohmic for s = 1, 0 < s < 1, and s > 1, respectively.
The corresponding BCF has the analytic form [154, 155]

C(t) =
1

π
αω1−s

c β−(s+1)Γ(s+ 1)

×
[
ζ

(
s+ 1,

1 + βωc − iωct

βωc

)
+ ζ

(
s+ 1,

1 + iωct

βωc

)]
, (8.31)

where Γ(z) is the gamma function, and ζ(z, z′) is the Hurwitz zeta function.
In this section, we fix the parameters to α = 1, ωc = 50 cm−1 ≈ 9.4 × 10−3 fs−1,

and tc = 2000 fs, following Ref. [56]. The sampling points for ESPRIT are chosen on a
uniform grid,

tj =
j

Nt

tc, (0 ≤ j ≤ Nt), (8.32)

whereas for AAA, a logarithmic discretization [56, 156] over [−ωmax, ωmax] is employed
to ensure efficient sampling in the low-frequency domain:

ωj = sign(j−K− 1

2
)ωmax

ln
(

K
K−|j−K− 1

2
|

)
lnNω

, (8.33)

where Nω = 2K is an even integer, and j runs from 1 to Nω.
In our simulations, both Nt and Nω are fixed at 5000. We consistently use ωp =

0.1 fs−1 ≈ 10.6 ωc for MPM (M1), and ωmax = −ωmin = 0.5 fs−1 = 1000 t−1
c ≈ 53.1 ωc

for MPM (M2), which matches the value used in AAA. Additionally, kmax is fixed at
1000 for both MPM (M1) and MPM (M2) throughout this section. We note that the
choice of ωp in MPM (M1) is independent of tc; instead, it is determined by the shape
of A(ω). In contrast, we observe that for such systems, ωmin and ωmax in MPM (M2)
are inversely proportional to the time cutoff.

To quantify the performance, we compute the relative errors of the approximations
Â(ω) and Ĉ(t) with respect to their exact counterparts:

δA(ω) =
|Â(ω)− A(ω)|
|A(0)|

(8.34)
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and
δC(t) =

|Ĉ(t)− C(t)|
|C(0)|

. (8.35)

To analyze convergence as a function of the number of poles M , we evaluate the mean
error over the approximation interval in the time domain:

errorinside =
1

Nt + 1

Nt∑
j=0

δC(tj). (8.36)

To assess the performance on the long-time tail, we compute the mean error over the
extended interval t ∈ [tc, ntc]:

erroroutside =
1

(n− 1)Nt + 1

nNt∑
j=Nt

δC(tj), (8.37)

where tj is defined from Eq. (8.32). For concreteness, we set n = 10.

8.3.3.1. Ohmic bath

We begin our discussion with the Ohmic bath (s = 1) at a temperature of T = 300 K,
corresponding to an inverse temperature of β ≈ 25.5 fs. As a reference, the left column
of Fig. 8.4 displays the exact input function. In the middle panel, we fix M = 8 for all
methods and compare their performance in both the frequency and time domains.

In the frequency domain, see Fig. 8.4(b), the approximation is more challenging at the
origin due to the discontinuity in dA(ω)/dω. MPM (M2) and ESPRIT exhibit similar
performance, whereas MPM (M1) provides a slightly better approximation at the origin
but performs slightly worse away from it. In contrast, AAA approximates the entire
interval more uniformly.

In the time domain, see Fig. 8.4(e), within the approximation interval, MPM (M2)
and ESPRIT remain nearly identical and provide more accurate results than MPM
(M1). However, beyond the interval (t > tc), MPM (M1) retains control over the error,
while the errors in MPM (M2) and ESPRIT increase rapidly. AAA is less accurate than
MPM (M1) both inside and outside the interval. Here, the frequency cutoff ωmax for
MPM (M2) is set to 0.5 fs−1, determined automatically from Eq. (8.24), as indicated by
the thick gray line in Fig. 8.4(e).

105



−0.1 0.0 0.1

ω (fs−1)

0

2

4

6

8

10

A
(ω

)/
ω
c

(a)

−0.10−0.05 0.00 0.05 0.10

ω (fs−1)

10−7

10−5

10−3

10−1

δA
(ω

)

(b)AAA

ESPRIT

MPM (M1)

MPM (M2)

3 4 5 6 7 8 9 10
M

10−8

10−6

10−4

10−2

m
ea

n
er

ro
r

(c)t ∈ [0, tc]

AAA

ESPRIT

MPM (M1)

MPM (M2)

0 1000 2000
t (fs)

0

1

2

3
C

(t
)/
ω

2 c

(d)

real

imag

0 1000 2000 3000 4000
t (fs)

10−7

10−6

10−5

10−4

10−3

δC
(t

)

(e)

3 4 5 6 7 8 9 10
M

10−7

10−6

10−5

10−4

10−3

m
ea

n
er

ro
r

(f)t ∈ [tc, 10tc]

Figure 8.4: Comparison of AAA (red), ESPRIT (blue), MPM (M1) (green), and
MPM (M2) (orange) for an Ohmic bath at T = 300K (βωc ≈ 0.240).
Left panel: (a) Exact effective spectral function A(ω) and (d) exact
bath correlation function C(ω). Middle panel: Relative error of (b)
A(ω) as defined in Eq. (8.34) and (e) C(t) as defined in Eq. (8.35).
All approximations use M = 8 terms. The vertical line separates the
inside and outside of the approximated real-time interval. The relative
difference |Ĉ(L1)(t)− Ĉ(L2)(t)|/|Ĉ(L1)(0)| is shown by the thick gray curve.
Right panel: Mean error (Eqs. (8.36) and (8.37)) as a function of M ,
evaluated (c) within the interval [0, tc] and (f) over the long tail [tc, 10tc].

Finally, the right column of Fig. 8.4 shows the convergence of the mean error as a
function of the number of poles M . Within the interval, MPM (M2) and ESPRIT
overlap and provide the best error control, while MPM (M1) converges slightly more
slowly, and AAA converges the slowest. However, for the long tail, MPM (M2) and
ESPRIT exhibit the least control, whereas MPM (M1) and AAA converge significantly
faster.

We now examine the same system at a much lower temperature, T = 0.001 K, corre-
sponding to an inverse temperature of β ≈ 7.64 × 106 fs. In this regime, the effective
spectrum varies rapidly near the origin. As shown in Fig. 8.5, no convergence slow-
down with respect to M is observed at low temperature for the methods discussed in
this chapter. Their performance trends remain consistent with those observed at higher
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temperatures. Although AAA occasionally achieves an accuracy in the long tail similar
to MPM (M1), its convergence behavior is less robust and its accuracy within the finite
interval is consistently lower than that of MPM (M1).
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Figure 8.5: Same setup as Fig. 8.4, except that temperature is now set to T =
0.001K (βωc ≈ 7.19 × 104). Top panel: (a) Exact spectral function. (b)
Exact bath correlation function. Bottom panel: Mean error for (c)
the approximated interval and (d) the long-tail.

8.3.3.2. Sub-Ohmic bath

In this section, we examine a sub-Ohmic bath (s = 0.5) at T = 50 K (β ≈ 153 fs).
The spectral function, which is shown in Fig. 8.6(a), diverges at ω = 0, but its integral
remains finite, ensuring the existence of the BCF. However, the real part of C(t), which
is shown in Fig. 8.6(b), exhibits an extremely slowly decaying tail.

Both AAA and ESPRIT encounter significant issues in this case. As shown in
Fig. 8.6(c) and (d), AAA completely fails. This failure arises because AAA attempts
to approximate the spectral shape on the given grid, causing it to consistently under-
estimate the exact spectrum near the divergence point, as illustrated in the inset of
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Figure 8.6: Comparison for a sub-Ohmic bath at T = 50K (βωc ≈ 1.44). Eight
terms are used for all approximations. (a) Exact spectral function,
which has a divergence at ω = 0. (b) Exact bath correlation function,
which exhibits an extremely slowly decaying tail for the real part.
The insets show the performance of different methods in a zoomed-in
region. Mean error for the approximated interval and the long tail are
shown in subfigures (c) and (d), respectively.

Fig. 8.6(a).
A similar issue arises in the real-time domain for ESPRIT. Due to the extremely slow

decay of C(t), ESPRIT loses error control immediately beyond the finite interval. This
presents a fundamental challenge: to maintain error control within 10−3 over the long
tail, for example, tc would need to be increased beyond 107 fs. However, since computa-
tional constraints limit the number of sampling points to a few thousand, the resulting
coarse time grid spacing prevents accurate resolution of the peak in the imaginary part
of C(t).

In contrast, MPM does not suffer from these issues. On one hand, MPM (M2) achieves
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an accuracy comparable to ESPRIT, both within and beyond the approximation inter-
val. On the other hand, although MPM (M1) converges slightly more slowly than MPM
(M2) and ESPRIT within the finite interval, it maintains control over the long tail. In
particular, MPM (M1) is the only method that effectively handles the long tail. The
success of MPM stems from its approach of approximating spectral moments rather than
the spectral shape. Although the spectral function diverges at the origin, its moments
remain finite.

8.3.4. Decomposing structured spectra for real-time evolution
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Figure 8.7: Comparison of different approximation methods (solid lines) with the
exact results (dashed lines) for a structured spectral function at T =
300K. Results are obtained for M = 100. (a) Structured spectrum, (b)
real part, and (c) imaginary part of the corresponding bath correlation
function. The insets show the performance of different methods in
magnified regions.
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Finally, we evaluate the performance of the methods on a structured spectrum derived
from exciton–phonon couplings in quantum dots [157, 158], which plays a key role in
understanding nonradiative exciton dynamics in these systems.

The input data consists of the spectral density J(ω) sampled on a dense uniform
grid. To enable flexible sampling at arbitrary frequency points, the AAA algorithm is
applied as a preprocessing step to the effective spectrum at T = 300 K, with accuracy
prioritized over the number of poles. The error tolerance is set to 10−8, resulting in
704 poles {A(AAA)

l , ξ
(AAA)
l }, evenly distributed between the upper and lower half-planes.

These poles are treated as the exact solution and serve as the reference for all methods
compared in this section. In this case, the contour integral in Eq. (8.6) for MPM can be
evaluated analytically using hk =

∑
lA

′(AAA)
l (ξ

′(AAA)
l )k [Eq. (8.7)] instead of a numerical

integral, thereby improving computational efficiency.
We present the results in Fig. 8.7, where M is fixed at 100. For AAA, the number

of poles to be recovered is set to 2M , as it captures poles across the entire complex
plane. For ESPRIT, the parameters tc = 20000 eV−1 ≈ 8.27 × 104 fs and Nt = 5000

are used. Issues arise for both the AAA and ESPRIT algorithms. On one hand, the
original AAA method consistently recovers some poles on the real axis, leading to non-
causal jumps in the spectrum. Denoting these poles as {A(real)

l , ξ
(real)
l } and their count

as Mreal, these spurious poles introduce a constant term in C(t), degrading accuracy
in both the real-frequency and real-time domains. To ensure a reliable real-time evo-
lution, the method should be modified to remove these poles. However, as shown in
Fig. 8.7, even after correction, both the approximated spectrum and the BCF exhibit
some deviations from the exact results. On the other hand, ESPRIT becomes unstable
for some values of the parameter L. Although this issue can be mitigated by carefully
tuning L, allowing ESPRIT to approximate the BCF similarly to MPM, we note that
it consistently recovers some poles in the upper half plane. This leads to a divergent
amplitude of the BCF at long times, even though the exact BCF exhibits decay. To
eliminate the asymptotic instability, these non-physical poles must be removed [159].
In practice, this is done by first obtaining M poles from ESPRIT, discarding the un-
physical ones, and then performing a least-squares fit to determine the weights of the
remaining poles. Unsurprisingly, we find that once some poles are disregarded, ESPRIT
immediately loses error control, as evidenced by its deviation from the exact results in
Figs. 8.7(b) and (c).
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In contrast, MPM does not suffer from these issues. Its poles are automatically
placed in the lower half-plane, ensuring that the approximation remains stable and
well-controlled. As a result, MPM provides the most accurate approximation in both
the time and frequency domains. Furthermore, in this case, MPM (M1) and MPM
(M2) yield nearly identical results due to the rapid decay of the long tails in A(ω).
Consequently, we present only MPM (M1) results throughout this section, with ωp fixed
at 0.04 eV ≈ 9.67× 10−3 fs−1 and kmax set to 3000.

Fig. 8.8 presents the results forM ranging from 10 to 100. To ensure a fair comparison,
we use the effective number of poles, Meff , defined as the number of poles contributing to
the BCF calculation. Specifically, Meff is given by M + Mreal

2
for the original AAA, M −

Mreal

2
for the corrected AAA, M for MPM and the original ESPRIT, and potentially less

than M for the corrected ESPRIT if non-physical poles appear. As discussed previously,
while the original ESPRIT can sometimes match or even slightly outperform MPM, it
frequently produces non-physical poles. Removing these poles leads to a complete loss of
error control. For AAA, eliminating real-axis poles consistently improves accuracy both
within and beyond the approximation interval. However, AAA remains less robust and
less accurate than MPM, reinforcing MPM as the most reliable method among those
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compared.

8.4. Conclusions
In conclusion, we have presented a method to approximate real-frequency spectral func-
tions as a sum of poles in the complex plane. The method is systematically improvable
in the sense that, for a given set of real-frequency data and a given approximation pre-
cision, a minimal number of poles yielding the most accurate representation possible is
generated.

We have shown the behavior of the method for synthetic spectral functions as well as
for spectral functions with a definite structure.

We expect that the methodology will find applications whenever a Green’s function of
a continuous quantum system needs to be represented by a finite (possibly very small)
number of discrete degrees of freedom, and we have provided examples that are typical
applications of the hierarchical equations of motion method.

Our work is accompanied by an open-source software implementation of the proposed
method, written in the programming language PYTHON [119, 160].
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Chapter 9

Quantum Impurity Solvers

In the previous chapters, we introduced applications of the complex pole representa-
tion to pre- and post-processing steps, including hybridization fitting, compact basis
construction, and numerical analytic continuation. In this chapter, we explore direct
applications of the complex pole representation to quantum impurity models in both
real- and imaginary-axis simulations. For simplicity, we focus solely on fermionic systems
and illustrate the methods using the single-impurity Anderson model (SIAM). General-
izations to multi-orbital cases and bosonic systems are straightforward and involve no
conceptual difficulties.

9.1. Introduction
For a general quantum impurity model, the Hamiltonian Ĥphy consists of three terms:
Ĥimp, which describes the small impurity; Ĥbath, which describes the infinite bath into
which the impurity is embedded; and Ĥhyb, which describes the coupling between the
impurity and the bath. Thus, the full system takes the form

Ĥphy = Ĥimp + Ĥbath + Ĥhyb , (9.1)
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where

Ĥimp =
∑
ij

tij d̂
†
i d̂j +

1

2

∑
ijkl

vijkld̂
†
i d̂

†
j d̂kd̂l , (9.2)

Ĥbath =

∫ +∞

−∞
dω ωĉ†ω ĉω , (9.3)

Ĥhyb =
∑
j

∫ +∞

−∞
dω[gj(ω)d̂

†
j ĉω + g∗j (ω)ĉ

†
ωd̂j] , (9.4)

where d̂j/d̂†j and ĉω/ĉ†ω are fermionic operators in the impurity and bath, respectively.
We assume that there may be infinitely many bath states, so that the bath spectral
function is broadened.

Simulations of these systems can be roughly classified into real-axis and imaginary-
axis simulations. Each category can be further divided into diagrammatic approaches
and effective-model-based methods.

Effective-model-based methods, such as Hamiltonian-based or Liouvillian-based meth-
ods, are based on the observation that the full information of the bath is contained in
the hybridization function or bath correlation function (BCF). For imaginary-axis cal-
culations, the bath enters the calculation only through

∆jj′(iωn) =

∫ +∞

−∞
dω
gj(ω)g

∗
j′(ω)

iωn − ω
. (9.5)

For real-axis calculations, when the initial density matrix of the system at t = 0 can be
separated as ρ̂phy(0) = ρ̂imp(0) ⊗ ρ̂bath(0) and the bath is in thermal equilibrium, i.e.,
ρ̂bath(0) =

e−βĤbath

Tr[e−βĤbath ]
, the bath enters the calculation only through

∆>
jj′(t) =

∫ +∞

−∞
dωgj(ω)g

∗
j′(ω)(1− nF (ω))e

−iωt , (9.6)

∆<
jj′(t) =

∫ +∞

−∞
dωg∗j (ω)gj′(ω)nF (ω)e

+iωt , (9.7)

where nF (ω) = 1
eβω+1

is the fermionic distribution function. Therefore, one can con-
struct an effective finite-size model whose hybridization function or bath correlation
function matches that of the original system to within a prescribed precision. The re-
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sulting effective model can then be solved using methods such as exact diagonalization
(ED). Note that the definition used here is slightly different from the definition of the
greater/lesser Green’s functions in Ch. 3. This choice is made for compatibility with
the quasi-Lindblad theory [108] used in Sec. 9.3.1.

On the other hand, diagrammatic approaches formulate the quantum impurity prob-
lem in terms of Green’s functions and self-energies, and evaluate the latter through a
selected class of Feynman diagrams. In these methods, the effect of interactions is incor-
porated perturbatively or self-consistently by constructing the impurity self-energy from
products and convolutions of interacting or noninteracting Green’s functions. Compared
with effective-model-based methods, diagrammatic methods usually avoid the explicit
construction of the many-body Hilbert space. Their accuracy depends on the diagram
classes retained and the parameter regimes being studied.

9.2. Imaginary-Axis Impurity Solvers
In this section, we explore the application of the complex pole representation to imaginary-
axis simulations, including both Hamiltonian-based and diagrammatic methods.

9.2.1. Hamiltonian-Based Impurity Solver

The Hamiltonian-based impurity solver is constructed by introducing the following
finite-size auxiliary system:

Ĥaux = Ĥimp + Ĥaux
bath + Ĥaux

hyb , (9.8)

where

Ĥaux
bath =

∑
k

εkĉ
†
kĉk , Ĥaux

hyb =
∑
jk

(Vjkd̂
†
j ĉk + V ′

jkĉ
†
kd̂j) . (9.9)

The corresponding hybridization function has the form

∆jj′(iωn) =
∑
k

VjkV
′
j′k

iωn − εk
. (9.10)
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As discussed above, as long as Eq. (9.10) matches Eq. (9.5), the impurity Green’s func-
tions and self-energies will match as well.

In the conventional hybridization fitting procedure [127], the poles in Eq. (9.10) are
restricted to the real axis and the pole weights are positive-semidefinite matrices. Thus,
εk ∈ R and V ′

jk = (Vjk)
∗, so that the auxiliary Hamiltonian Ĥaux is Hermitian and can

be diagonalized using techniques such as the Hermitian Lanczos algorithm [161, 162].
However, a major issue is that the convergence rate of the approximation to ∆(iωn)

is usually slow with real-valued poles, which limits this Hamiltonian-based method to
relatively small impurity sizes. Another issue is that this formalism in principle works
only for Matsubara points. To obtain the real-axis spectral function, one still needs to
perform numerical analytic continuation. Although one can in principle avoid this step
by directly evaluating the spectral function from the obtained real poles, this usually
leads to oscillations and unreliable artificial broadening [104]. Therefore, the main goal
of this section is to explore the direct use of the complex pole representation.

As discussed in Sec. 3.3.2, when we consider real-valued hopping and interaction
terms, the Hamiltonian Ĥphy can be chosen to be real symmetric. In this case, the
matrix-valued hybridization function can be represented by complex poles as

∆(iωn) =
∑
k

Ak

iωn − ξk
, (9.11)

which is valid in the upper-half plane. Here, the poles Imξk ≤ 0 are located in the
lower-half plane, and the matrix-valued weights Ak are in general complex symmetric.
For a complex-valued symmetric matrix, the left eigenvector is the transpose of the
right eigenvector rather than the conjugate transpose. This implies that the coupling
strengths Vjk and V ′

jk in Eq. (9.10) are equal. Therefore, in the complex-pole framework,
we have εk = ξk ∈ C (Imεk ≤ 0) and Vjk = V ′

jk ∈ C. The resulting auxiliary Hamiltonian
Ĥaux is therefore complex symmetric.

For such a Hamiltonian, denote its eigenvalues and right eigenvectors by Ei ∈ C and
vi, i.e., Ĥauxvi = Eivi. One can perform Alg. 3 to orthonormalize its eigenvectors, so that
vTi vj = δij and

∑
i v

T
i vi = 1. As a result, the generic single-particle Green’s function
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can be written as

Gij(z) =
1

Z
∑
mn

e−βEm ∓ e−βEn

z − (En − Em)
(vTmd̂ivn)(v

T
n d̂

†
jvm) , (9.12)

where both the eigenenergy Em and the partition function Z are now complex-valued.

Algorithm 3 Orthonormalization Algorithm
1: for i = 1 to N do
2: vi ← vi/

√
vTi vi.

3: for j = i+ 1 to N do
4: if vTj vi ̸= 0 then
5: vj ← vj − (vTi vj)vi.

Algorithm 4 Non-interacting Bethe-lattice DMFT self-consistent loop
1: Initialize M , r and {Ak, ξk} so that ∆Ret(ω) = t2GRet(ω) =

∑M
k=1

Ak

ω−ξk
.

2: Set diff ←∞.
3: while diff > ε do
4: Construct Ĥaux via Eq. (9.14) with εk = ξk and Vk =

√
Ak.

5: Compute poles of GRet(ω) via Eq. (9.12), denoted by GRet(ω) =
∑M ′

k=1

A′
k

ω−ξ′k
.

6: Compute the spectral function A(ω) = − 1
π
ImGRet(ω).

7: Update ∆Ret(ω) using M poles obtained from performing MPM [40] to
(1− r)

∑M
k=1

Ak

ω−ξk
+ rt2

∑M ′

k=1

A′
k

ω−ξ′k
.

8: Compute the convergence error diff =
∫
dω|GRet

new(ω)−GRet(ω)|.
9: return GRet(ω).

As an illustration, we choose the non-interacting spinless single-impurity case as an
example, where the original and auxiliary Hamiltonians read

Ĥphy = εdd̂
†d̂+

∫ +∞

−∞
dω ωĉ†ω ĉω +

∫ +∞

−∞
dωg(ω)(d̂†ĉω + ĉ†ωd̂) , (9.13)

and
Ĥaux = εdd̂

†d̂+
∑
k

εkĉ
†
kĉk +

∑
k

Vk(d̂
†ĉk + ĉ†kd̂) . (9.14)

We take the Bethe-lattice DMFT self-consistency loop as an example, where the
exact spectral function is known to be semicircular. The implementation details are
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Figure 9.1: Simulated spectral function A(ω) obtained from the DMFT self-
consistency loop. (a) Evolution with the number of iterations for
M = 6. (b) Converged results for different numbers of poles M ∈
{1, 2, 3, 4, 5, 6}.

outlined in Alg. 4, and the simulation parameters are chosen as εd = 0 and r = 0.5. As
shown in Fig. 9.1, as the number of iterations increases, the simulated spectral function
quickly converges, independent of the initial state. As the number of poles M increases,
the converged spectral function A(ω) quickly approaches the exact solution. However,
the reader should be aware that this formalism is exact only for non-interacting cases.
The reason is that the complex pole representation is valid only in a half-plane [cf.
Eq. (5.8)]. As the interactions are turned on, the self-energy will mix the upper- and
lower-half planes, which invalidates this formalism. More details will be discussed in the
next section.

9.2.2. Real-Pole-Based Diagrammatic Impurity Solver

In this section, we explore the application of the complex pole representation to imaginary-
axis diagrammatic calculations.

For the spin-symmetric single-impurity Anderson model, the second-order self-energy
can be obtained as

Σ2(iωn) = −
U2

β2

∑
m,p

G(iωm)G(iωp)G(iωm + iωp − iωn) . (9.15)

Although at first glance one might attempt to split each G(iωm) and G(iωp) into two
parts, each valid in one half of the complex plane, difficulties arise from the third term,
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since the choice of poles depends on the specific combination of (m,n, p). Therefore, no
generic expression can be obtained, making it difficult to apply techniques such as the
residue theorem. One way to circumvent this issue is to restrict the poles to the real
axis, as described in Ch. 7. As shown in Ref. [104], although MPM can lead to a more
compact representation than the popular discrete Lehmann representation (DLR) [82],
the oscillations caused by real poles still persist, and the convergence of the calculations
is usually slower than that obtained using complex poles. Another way to fully resolve
this issue and directly utilize complex poles is to use the Keldysh formalism on the real
axis, as will be described in Sec. 9.3.2.

9.3. Real-Axis Impurity Solvers
In this section, we explore the application of the complex pole representation to real-axis
simulations, including both Liouvillian-based and diagrammatic methods.

9.3.1. Liouvillian-Based Impurity Solver for Steady States

9.3.1.1. Theory

Effective Model In this section, we aim to represent the quantum impurity model in
steady states by an auxiliary open quantum system. By using the Minimal Pole Method
(MPM) [40], the effective spectral function gj(ω)g

∗
j′(ω)(1− nF (ω)) or g∗j (ω)gj′(ω)nF (ω)

in Eqs. (9.6) and (9.7) can be approximated by a sum of complex poles {Al, ξl}, as
described in Ch. 8, with Al being matrix-valued pole weights and ξl being shared pole
locations. The question then reduces to constructing an effective model that can repro-
duce the same result within a prescribed precision, while reducing the number of degrees
of freedom in the original system.

If Al were diagonal and purely real, we could use the standard pseudomode the-
ory [148] to represent the physics of the system with Liouvillian dynamics. However,
this corresponds to approximating spectral functions as a sum of Lorentzians, which
is known to converge very slowly [163], as also explained in Ch. 5. To achieve rapid
convergence as the number of poles increases, one has to allow Al to have complex
entries. This generalizes the original Lindblad dynamics [164, 165] to the so-called
quasi-Lindblad dynamics [108]. In this case, we can proceed by using the following
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auxiliary system [108]

Ĥaux = Ĥimp + Ĥaux
bath + Ĥaux

hyb , (9.16)

where

Ĥaux
bath =

∑
k1

εk1 ĉ
†
k1
ĉk1 +

∑
k2

εk2 ĉ
†
k2
ĉk2 , (9.17)

Ĥaux
hyb =

∑
j

(d̂†jÂj + Â†
j d̂j) with Âj =

∑
k1

(V1)jk1 ĉk1 +
∑
k2

(V2)jk2 ĉk2 , (9.18)

with the initial state ρ̂bath(0) = ρ̂A1(0) ⊗ ρ̂A2(0) = |0⟩⟨0| ⊗ |1⟩⟨1|. Here, we denote the
auxiliary baths associated with the indices k1 and k2 by A1 and A2, respectively. For
convenience, we further denote the impurity by S in the following. In addition to the
unitary part in Eq. (9.16), the system is also coupled to the dissipators

DA1• =
∑
k1

2γk1(ĉk1 • ĉ
†
k1
− 1

2
{ĉ†k1 ĉk1 , •}) , (9.19)

DA2• =
∑
k2

2γk2(ĉ
†
k2
• ĉk2 −

1

2
{ĉk2 ĉ

†
k2
, •}) , (9.20)

DSA1• =
∑
j

(d̂j • L̂†
1j + L̂1j • d̂†j −

1

2
{L̂†

1j d̂j + d̂†jL̂1j, •}) , (9.21)

DSA2• =
∑
j

(d̂†j • L̂2j + L̂†
2j • d̂j −

1

2
{L̂2j d̂

†
j + d̂jL̂

†
2j, •}) , (9.22)

where L̂1j =
∑

k1
2(M1)jk1 ĉk1 and L̂2j =

∑
k2
2(M2)jk2 ĉk2 . The time-evolution equation

for the total density matrix ρaux(t) can then be written as

dρ̂aux(t)

dt
= −i[Ĥaux, ρ̂aux(t)] + (DA1 +DA2 +DSA1 +DSA2)ρ̂aux(t) . (9.23)
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The BCF in this system is written as

∆>(t) = (V1 − iM1)e
−Z1t(V1 + iM1)

† , (9.24)
∆<(t) = (V2 − iM2)

∗e−Z2t(V2 + iM2)
T . (9.25)

According to Ref. [108], when Eqs. (9.24) and (9.25) exactly match Eqs. (9.6) and (9.7)
for any t ≥ 0, the impurity reduced density matrices are equivalent, i.e., Trbath[ρ̂phy(t)] =

Trbath[ρ̂aux(t)]. Meanwhile, the auxiliary system offers significantly greater computa-
tional efficiency by reducing the infinitely large bath to a finite set of auxiliary states
with effective dissipation.

Vectorization The right-hand side of the master equation (9.23) maps one operator
ρ̂aux(t) in the original Hilbert space to another operator. It is therefore an operator
acting on operators, namely, a superoperator. Thus, it can be written abstractly as

dρ̂aux(t)

dt
=

ˆ̂Lρ̂aux(t) . (9.26)

Suppose the basis of the original Hilbert space is {|n⟩}. According to Ref. [166],
one can construct the so-called super-fermion space, whose basis is {|m⟩ ⊗ |ñ⟩}, where
the tilde ˜ is used to distinguish the duplicated space from the original space. For a
generic operator Â =

∑
mnAmn|m⟩⟨n|, this amounts to vectorizing it as a vector |A⟩ =∑

mnAmn|m⟩ ⊗ |ñ⟩ in the super-fermion space. This is achieved by |A⟩ = (Â ⊗ 1̂)|I⟩,
where 1 is the identity operator and |I⟩ =

∑
n |n⟩ ⊗ |ñ⟩ is the so-called left-vacuum

vector. By using the conjugation relations explained in Sec. B.2.2, one can represent ˆ̂L
and ρ̂aux(t) as an operator L̂, called the Liouvillian, and a state vector |ρaux(t)⟩ in the
super-fermion space, respectively. As a result, the master equation is formulated as

d|ρaux(t)⟩
dt

= L̂|ρaux(t)⟩ . (9.27)

Therefore, the density matrix at any time t can be expressed as |ρaux(t)⟩ = eL̂t|ρaux(0)⟩.
The expectation value of an operator Â in the original space can also be reformulated
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in the super-fermion space as

⟨A(t)⟩ = Tr[Âρaux(t)] = ⟨I|Â⊗ 1|ρaux(t)⟩ . (9.28)

For simplicity, we abbreviate the right-hand side as ⟨I|Â|ρaux(t)⟩ without causing con-
fusion.

As a result, since both Eq. (9.27) and Eq. (9.28) have been rewritten in terms of
regular operators and state vectors, we can study them using diagonalization-based
techniques, as explained in the following.

Green’s Function Calculation Our primary aim is to study the steady states. In
this case, the time derivative of the density matrix is zero, i.e., L̂|ρaux(∞)⟩ = 0. This
means that the steady state corresponds to the eigenvector(s) of L̂ with zero eigenvalues.
In practice, we usually find that L̂ has only one zero eigenvalue and one corresponding
eigenvector.

Once the steady-state density matrix is obtained, one can readily calculate the single-
particle Green’s functions and extract the corresponding spectral information. In par-
ticular, we are interested in the steady-state retarded Green’s function; other Green’s
functions can be written down similarly. It is given by

iGRet
ij (t > 0) = ⟨d̂i(t)d̂†j⟩+ ⟨d̂

†
j d̂i(t)⟩

= ⟨d̂i(t)d̂†j⟩+ (⟨d̂†i (t)d̂j⟩)∗

= ⟨I|d̂ieL̂td̂†j|ρaux(∞)⟩+ (⟨I|d̂†ieL̂td̂j|ρaux(∞)⟩)∗ , (9.29)

In practice, the calculation of eL̂t can be achieved by diagonalizing L̂, the details of
which will be explained later.

Before moving on to the implementation details, we point out that a similar framework
has already been presented in the auxiliary master equation approach (AMEA) [129,
149]. The main difference is that we use complex poles with complex-valued pole weights
in the quasi-Lindblad framework, whereas AMEA is restricted to Lorentzians in the
Lindblad framework, which are known to converge slowly.

This method offers several advantages over existing approaches. First, by allowing
the pole weights to have imaginary parts in the quasi-Lindblad framework, the conver-
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gence with respect to the number of poles is significantly faster than in the traditional
Lorentzian pseudomode method [163]. Second, by employing the Minimal Pole Method
(MPM) in the real-frequency domain, the long-tail behavior of the bath correlation
function (BCF) in the time domain is effectively controlled [40], unlike ESPRIT, which
operates on a finite real-time interval. Finally, by using exact diagonalization (ED), the
computation of the steady state avoids the numerical instability typically encountered
in methods that rely on direct integration of the master equation. Since every step of
the procedure is systematically controlled, the resulting steady-state Green’s function is
systematically improvable as the number of quasi-Lindblad pseudomodes increases.

9.3.1.2. Implementation

In practice, the total Hilbert space grows rapidly as the number of pseudomodes in-
creases. As a result, the current implementation is restricted to the single-orbital case.
Specifically, we focus on the single-impurity Anderson model (SIAM):

Ĥimp =
∑
σ

εσd̂
†
σd̂σ + Ud̂†↑d̂↑d̂

†
↓d̂↓ . (9.30)

In this case, Ĥaux
bath and Ĥaux

hyb take the form

Ĥaux
bath =

∑
σ

M1∑
k1=1

(ε1)k1σ ĉ
†
k1σ
ĉk1σ +

∑
σ

M2∑
k2=1

(ε2)k2σ ĉ
†
k2σ
ĉk2σ , (9.31)

and

Ĥaux
hyb =

∑
σ

(d̂†σÂσ + Â†
σd̂σ) with Âσ =

M1∑
k1=1

(V1)k1σ ĉk1σ +

M2∑
k2=1

(V2)k2σ ĉk2σ, (9.32)

and the Liouvillian L̂ in the super-fermion space can be written accordingly. We pro-
vide its explicit expression in Sec. B.3. One can calculate the eigenvalues {λi} with
biorthonormal left and right eigenvectors {|i⟩L, |i⟩R}, which satisfy ⟨i|L|j⟩R = δij and
1 =

∑
i=1 |i⟩R⟨i|L. Therefore, L̂ can be decomposed as L̂ =

∑
i=1 λi|i⟩R⟨i|L. Defining

Λ = diag{λ1, λ2, · · · }, L = (|1⟩L, |2⟩L, · · · ), and R = (|1⟩R, |2⟩R, · · · ), this decomposition
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can be rewritten as L̂ = RΛL†, and Eq. (9.29) can be rewritten as

GRet
σσ (t > 0) = −iv†1L


eλ1t

eλ2t

. . .

 v1R − iv†2R


eλ

∗
1t

eλ
∗
2t

. . .

 v2L , (9.33)

where

v1L = R†d̂†σ|I⟩ , v1R = L†d̂†σ|ρaux(∞)⟩ , (9.34)
v2L = R†d̂σ|I⟩ , v2R = L†d̂σ|ρaux(∞)⟩ . (9.35)

After performing the Fourier transform, one obtains

GRet
σσ (ω) = v†1L


1

ω−iλ1

1
ω−iλ2 . . .

 v1R + v†2R


1

ω−iλ∗
1

1
ω−iλ∗

2 . . .

 v2L

=
∑
j

(v1L)
∗
j(v1R)j

ω − iλj
+
∑
j

(v2R)
∗
j(v2L)j

ω − iλ∗j
. (9.36)

Denoting by Nσ the total number of particles with spin σ in the original space, one
can verify that the total particle number N = N↑ + N↓ and the total spin along the z
direction Sz = N↑ −N↓ are conserved quantities. Then (N − Ñ , Sz − S̃z) are conserved
quantities in the super-fermion space [129, 149], which can be verified from the explicit
expression in Eq. (B.26). One can further verify that the steady state |ρaux(t)⟩ exists
only in the (0, 0) block, and that only eigenvalues in the (±1,±1) blocks contribute to
the poles in Eq. (9.36). Therefore, the above equation is simplified to

GRet
σσ (ω) =

∑
j

(v
(+1,±1)
1L )∗j(v

(+1,±1)
1R )j

ω − iλ(+1,±1)
j

+
∑
j

(v
(−1,∓1)
2R )∗j(v

(−1,∓1)
2L )j

ω − i(λ(−1,∓1)
j )∗

, (9.37)

where

v
(+1,±1)
1L = R(+1,±1)†d̂†σ|I0⟩ , v

(+1,±1)
1R = L(+1,±1)†d̂†σ|ρaux(∞)⟩ , (9.38)

v
(−1,∓1)
2L = R(−1,∓1)†d̂σ|I0⟩ , v

(−1,∓1)
2R = L(−1,∓1)†d̂σ|ρaux(∞)⟩ , (9.39)
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and |I0⟩ is the projection of |I⟩ onto the (0, 0) block, so that both |I0⟩ and |ρaux(∞)⟩
are located only in the (0, 0) block. The superscripts (+1,±1) and (−1,∓1) refer to
the blocks in which the diagonalization is performed, with the upper and lower signs
corresponding to σ = ↑ and σ = ↓, respectively.

Therefore, this leads to the following steps:

• Given the effective bath spectral densities |gσ(ω)|2(1 − nF (ω)) and |gσ(ω)|2nF (ω)

in the original system, approximate them using MPM via Eq. (8.1) and obtain a
set of complex poles {Ak1σ, ξk1σ} and {Ak2σ, ξk2σ}, respectively.

• Recover the parameters V1, M1, Z1, V2, M2, and Z2 according to Eq. (B.28), so
that the unitary system is mapped to a quasi-Lindblad system and the Liouvillian
L̂ can then be obtained from Eq. (B.26).

• Perform exact diagonalization of L̂ in the (0, 0) block and obtain the eigenvalues
λi together with the corresponding left and right eigenvectors ⟨i|L and |i⟩R. There
should exist a non-degenerate eigenvalue λi0 = 0, with all other eigenvalues satis-
fying Re[λi] < 0 for i ̸= i0. The steady state is obtained as |ρ(∞⟩ = |i0⟩R/⟨I0|i0⟩R.

• Perform exact diagonalization of the blocks (+1,±1) and (−1,∓1) to obtain λ(+1,±1),
L(+1,±1), R(+1,±1), λ(−1,∓1), L(−1,∓1), and R(−1,∓1), and obtain the steady-state re-
tarded Green’s function via Eq. (9.37).

9.3.1.3. Results

In our simulations, we set ε↑ = ε↓ and g↑(ω) = g↓(ω), so that the SIAM is spin symmetric.
We can therefore omit the spin index in the retarded Green’s function and denote it
simply by GRet(ω).

We focus on the particle-hole symmetric case, i.e., εσ = −U
2
, and set the numbers of

pseudomodes for ∆> and ∆< to be equal, i.e., M1 =M2 =M . We perform simulations
for M = 1, 2, and 3. For M = 1, full diagonalization is feasible. However, for M > 1,
the rapid growth of the Hilbert space requires the use of sparse matrix diagonalization.
In practice, we use the non-Hermitian Lanczos algorithm [149, 161]; the details can be
found in Sec. B.4.
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Figure 9.2: Convergence of the approximation to the effective greater spectral
function A>(ω). (a) Approximation with different numbers of poles M .
(b) Convergence of the approximation error as a function of M .

As a benchmark, we choose a Gaussian spectral function for the bath,

A(ω) = |g(ω)|2 = 1√
2πσ

exp

{
−(ω − µ)2

2σ2

}
, (9.40)

with µ = 0 and σ = 1 and perform simulations at β = 10 and U = 1. We ap-
ply MPM [40] separately to the effective spectral functions A>(ω) = A(ω)(1 − nF (ω))

and A<(ω) = A(ω)nF (ω). Fig. 9.2(a) shows the approximations obtained using M ∈
{1, 2, 3, 4} poles. Since A>(ω) and A<(ω) are symmetric with respect to the origin,
only the results for A>(ω) are shown. As shown in the figure, the approximation error
decreases rapidly as the number of poles M increases. Already at M = 3, the ap-
proximated effective spectral function is visually indistinguishable from the exact one.
Fig. 9.2(b) shows the convergence as a function of M , where the error is calculated as
err(A>) =

∫
dω|A>

approx(ω)− A>
exact(ω)|. The error exhibits exponential convergence.

Fig. 9.3 shows the convergence of the simulated spectral function as a function of the
number of non-Hermitian Lanczos eigenvalues k for M = 3. The convergence is rapid,
and already k = 20 eigenvalues yield converged results.

Fig. 9.4 shows the simulated steady-state spectral function for M = 1, 2, and 3.
Since each step of this procedure is controlled, the error in the spectral function can be
estimated from the quality of the initial bath fitting. Here, the error is indicated by
the shaded region and is estimated as max(|A>

approx(ω) − A>
exact(ω)|). As shown in the
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Figure 9.3: Convergence of the spectral function A(ω) for M = 3 as a function of
the number of non-Hermitian Lanczos eigenvalues k.

figure, the results converge very quickly. For M = 3, the error is already invisible on
the scale of the plot, demonstrating the reliability of the results. Simulations for M ≥ 4

are beyond the current capacity of the non-Hermitian Lanczos approach. To make such
simulations feasible, one needs to resort to other techniques, such as the Configuration
Interaction (CI) method [121, 167].

As pointed out in Ref. [149], the method presented here can reproduce qualitatively
correct results for equilibrium physics. It is therefore interesting to use this method
to explore the differences between nonequilibrium steady states and equilibrium states,
and to potentially develop it as an alternative to existing equilibrium impurity solvers.

Since the quasi-Lindblad formalism breaks the complete positivity of the density ma-
trix, we find that it can sometimes lead to unstable solutions at small M , where the
largest eigenvalue of the Liouvillian becomes greater than zero. However, as M increases,
this issue is observed to become progressively less severe. With CI, the number of af-
fordable poles is expected to increase significantly, and this instability should become
less concerning. Another promising way to circumvent this issue is to incorporate the
so-called coupled-Lindblad formalism [163], which uses complex poles while preserving
the complete positivity of the density matrix.
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9.3.2. Complex-Pole-Based Diagrammatic Impurity Solver

9.3.2.1. Method

In this section, we use second-order Green’s function perturbation theory (GF2) to illus-
trate the direct use of the complex pole representation in Feynman diagram evaluations
within the Keldysh formalism [6]. We emphasize, however, that the underlying logic
is not restricted to GF2 and can be readily applied to other diagrammatic evaluations.
This is because the full information of the system enters the diagrams through the real-
axis Keldysh components, G>, G<, GT , and GT̃ , or equivalently through GRet, GAdv,
and GK , and all of these components can be accurately represented by complex poles,
as shown in Ch. 5.

For the single-impurity Anderson model (SIAM) discussed in Sec. 9.3.1.2, the self-
energy in GF2 has the form

Σ>
2 (ω)/U

2 =

∫
dω1

2π

dω2

2π
G>(ω1)G

>(ω2)G
<(ω1 + ω2 − ω) , (9.41)

Σ<
2 (ω)/U

2 =

∫
dω1

2π

dω2

2π
G<(ω1)G

<(ω2)G
>(ω1 + ω2 − ω) . (9.42)

As discussed in Ch. 5, all real-axis Green’s functions can be written in complex pole
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form. Specifically, the greater and lesser Green’s functions have the form

G>(ω) =
M∑
l=1

(
A

>(dn)
l

ω − ξ>(dn)
l

+
A

>(up)
l

ω − ξ>(up)
l

)
, (9.43)

G<(ω) =
M∑
l=1

(
A

<(dn)
l

ω − ξ<(dn)
l

+
A

<(up)
l

ω − ξ<(up)
l

)
, (9.44)

which, for simplicity, can be abbreviated as

G>(ω) =
2M∑
l=1

A>
l

ω − ξ>l
, G<(ω) =

2M∑
l=1

A<
l

ω − ξ<l
. (9.45)

Substituting these expressions into Eq. (9.41) gives

Σ>
2 (ω)/U

2 =
∑
i

∑
j

∑
k

∫
dω1

2π

dω2

2π

A>
i

ω1 − ξ>i

A>
j

ω2 − ξ>j
A<

k

ω1 + ω2 − ω − ξ<k
. (9.46)

Since the poles of the integrand are always away from the real axis and the integrand
vanishes at infinity, one can close the real-axis contour with an infinitely large semicircle
and apply the residue theorem. For concreteness, we close the contour with a semicircle
in the upper-half plane. Choosing the lower-half plane gives the same result. This
evaluation leads to the compact expression

Σ>
2 (ω)/U

2 =

∑
k

∑
j∈up

∑
i∈up

+
∑
j

∑
i:(k−i)∈up

∑
k∈up

 A>
i A

>
j A

<
k

ω − (ξ>i + ξ>j − ξ<k )

−

∑
i

∑
j∈up

∑
k∈up

+
∑
j

∑
i:(k−i)∈up

∑
i∈up

 A>
i A

>
j A

<
k

ω − (ξ>i + ξ>j − ξ<k )
, (9.47)

where i ∈ up denotes that the sum is restricted to poles in the upper-half plane, and
i : (k− i) ∈ up denotes that the sum over i is restricted to those poles for which ξk − ξi
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Algorithm 5 Bethe-lattice DMFT self-consistent loop
1: Initialize ∆Ret(ω) = t2GRet(ω), G>(ω) and G<(ω) via A(ω).
2: Set diff ←∞.
3: while diff > ε do
4: Compute Σ>

2 (ω) and Σ<
2 (ω) via Eqs. (9.47) and (9.48).

5: Compute ImΣRet
2 (ω) via Eq. (9.49).

6: Recover ΣRet
2 (ω) via MPM [40].

7: Compute the impurity Green’s function

GRet(ω) =
1

ω + i0+ −∆Ret(ω)− ΣRet
2 (ω)

.

8: Compute the spectral function A(ω) = − 1
π
ImGRet(ω).

9: Update ∆Ret(ω) = t2GRet(ω), G>(ω) and G<(ω).
10: Compute the convergence error diff =

∫
dω|GRet

new(ω)−GRet(ω)|.
11: return GRet(ω), ΣRet(ω).

lies in the upper-half plane. Similarly, the lesser self-energy can be written as

Σ<
2 (ω)/U

2 =

∑
k

∑
j∈up

∑
i∈up

+
∑
j

∑
i:(k−i)∈up

∑
k∈up

 A<
i A

<
j A

>
k

ω − (ξ<i + ξ<j − ξ>k )

−

∑
i

∑
j∈up

∑
k∈up

+
∑
j

∑
i:(k−i)∈up

∑
i∈up

 A<
i A

<
j A

>
k

ω − (ξ<i + ξ<j − ξ>k )
. (9.48)

The imaginary part of the retarded self-energy can then be obtained from

ImΣRet
2 (ω) =

1

2i
[Σ>

2 (ω)− Σ<
2 (ω)] , (9.49)

and its real part can be obtained in a controlled manner from MPM [40] via the Hilbert
transform, as explained in Ch. 8.

This procedure can be readily incorporated into the dynamical mean-field theory
(DMFT) self-consistency loop. For example, the self-consistency loop on the Bethe
lattice can be carried out as described in Alg. 5.
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Figure 9.5: Convergence of the approximation to the input greater Green’s func-
tion G>(ω). (a) Approximations obtained using different numbers of
poles M . (b) Convergence of the approximation error as a function of
M .

9.3.2.2. Results

As a benchmark, we choose a semicircular spectral function

A(ω) =
1

2πt2

√
4t2 − ω2 . (9.50)

with t = 1, and set the inverse temperature to β = 10. The greater and lesser Green’s
functions are then obtained from

G>(ω) = −2πiA(ω)(1− nF (ω)) , (9.51)
G<(ω) = +2πiA(ω)nF (ω) . (9.52)

Fig. 9.5(a) shows the approximations obtained using different numbers of poles.
Since G>(ω) and G<(ω) are symmetric with respect to the origin, only the results
for G>(ω) are shown. Similar to the results in the previous section, the approxima-
tion error decreases rapidly as the number of poles M increases. Already at M = 6,
the approximated G>(ω) is visually indistinguishable from the exact one. Fig. 9.5(b)
shows the convergence as a function of M , where the error is calculated as err(G>) =∫
dω|G>

approx(ω)−G>
exact(ω)|. The error exhibits exponential convergence.

Fig. 9.6 shows the simulated GF2 self-energy obtained from Eqs. (9.47), (9.48) and
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Figure 9.6: (a) Simulated GF2 self-energy obtained using different numbers of
poles M . (b) Convergence of the self-energy error as a function of M .

(9.49). The exact result is computed from

ΣRet
2 (ω)/U2 =

∫
dω1dω2dω3A(ω1)A(ω2)A(ω3)

nF (ω2)(1− nF (ω1))(1− nF (ω3))

ω + ω2 − ω1 − ω3 + i0+

+

∫
dω1dω2dω3A(ω1)A(ω2)A(ω3)

(1− nF (ω2))nF (ω1)nF (ω3)

ω + ω2 − ω1 − ω3 + i0+
. (9.53)

by numerical integration. As shown in Fig. 9.6(a), ΣRet
2 (ω) converges rapidly as the

number of poles M increases, and 6 poles are already sufficient to produce a result that
is visually indistinguishable from the exact result. As shown in Fig. 9.6(b), the error of
the simulated result converges exponentially as M increases.

As a final example, we perform self-consistent DMFT calculations on the Bethe lat-
tice. The initial spectral function is chosen to be the semicircular density of states in
Eq. (9.50). The simulations are performed at U = 2, t = 1 and β = 10. As shown in
Fig. 9.7(a), the simulated spectral function A(ω) converges rapidly as the number of
iterations increases, and 5 iterations are already sufficient to produce a converged result.
Fig. 9.7(b) shows the converged results as a function of M . We find that 4 poles are
already sufficient to obtain a reliable result.

The results shown in this section demonstrate that this complex-pole-based Feynman
diagram evaluation technique has significant advantages over imaginary-axis simula-
tions, which not only require many more poles but also suffer from the ill-conditioned
analytic continuation process. Although a reliable spectral function can still be re-
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covered by performing MPM [38, 39], the required precision of the Matsubara data is
usually high, and the convergence becomes increasingly slow as β decreases. In contrast,
the method presented here does not suffer from this issue.

Finally, we point out that the technique presented here is not restricted to GF2
or to the single-orbital case. For multi-orbital systems, the computational benefits
could be even greater by utilizing the shared complex poles developed in this thesis.
Moreover, this technique can be readily generalized to other diagrammatic methods,
such as GW. This could make real-material simulations much more efficient and reliable,
and is therefore a promising direction to explore.

9.4. Conclusions
In this chapter, we explore the application of the complex pole representation to the
development of novel quantum impurity solvers. For imaginary-axis Hamiltonian-based
methods, we show that the complex pole representation can be used directly to construct
a non-Hermitian Hamiltonian for solving non-interacting problems. We take a spinless
single-impurity model as an example and demonstrate its reliability and rapid conver-
gence with respect to the number of complex poles. However, since the complex pole
representation is valid only in one half of the complex plane, the introduction of inter-
action terms invalidates this formalism. One therefore has to resort to the conventional
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real-pole representation and Hermitian Hamiltonian for interacting cases.
We then use second-order perturbation theory for the SIAM as an example and show

that a similar issue persists for imaginary-axis diagrammatic methods, where one has
to restrict the poles to the real axis in order to perform pole-based calculations using
techniques such as the residue theorem.

Despite this limitation in imaginary-axis simulations, we demonstrate significant suc-
cess of the complex pole representation in designing new real-axis impurity solvers.

We first present a novel Liouvillian-based impurity solver for calculating steady states
by combining MPM [40], the quasi-Lindblad theory [108], and the super-fermion for-
malism [166]. Since each step is fully controlled, the error of the result can be directly
estimated from the accuracy of the input approximation. We take the SIAM as an
example and show that even three complex poles can be sufficient to achieve conver-
gence. Therefore, it is worthwhile to incorporate other techniques, such as configuration
interaction (CI), to treat more complicated systems [121, 167].

We then use a SIAM GF2 example to demonstrate the direct use of the complex
pole representation in real-axis diagrammatic calculations. We show how to combine
MPM [40] with the residue theorem to perform the calculations directly on the real-
frequency axis. The results converge rapidly as the number of complex poles increases.
The computational cost is much lower than that of the corresponding imaginary-axis
simulations, and no numerical analytic continuation (NAC) is needed. Therefore, this
method offers a significant advantage over imaginary-axis diagrammatic calculations. Its
extension to multi-orbital cases and more sophisticated diagrams provides a promising
direction for future diagrammatic calculations.
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Chapter 10

Mini-Pole Tutorial

This chapter provides a detailed tutorial for the Python package Mini-Pole, which imple-
ments the Minimal Pole Method (MPM) introduced in this dissertation. The package
is designed to perform numerical analytic continuation (NAC) from Matsubara-axis
data, hybridization fitting, and the extraction of compact pole representations from
both Matsubara-axis and real-frequency-axis data. It supports both scalar-valued and
matrix-valued correlation functions and provides several variants of MPM corresponding
to the methods discussed in the previous chapters.

10.1. Installation and Setup

10.1.1. Dependencies

Mini-Pole requires Python >= 3.8, together with the following dependencies:

• NumPy >= 1.21.0. NumPy is a fundamental Python library for scientific com-
puting. It provides efficient multidimensional arrays, linear algebra routines, nu-
merical solvers, and related numerical algorithms.

• SciPy >= 1.7.0. SciPy is a Python library for scientific computing that builds
on NumPy and provides additional functionality for linear algebra, optimization,
interpolation, integration, and sparse matrix computations.

• Kneed. Kneed is a Python package for detecting knee and elbow points in curves.
It is useful for automatically identifying characteristic changes in numerical data,
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such as singular-value distributions.

• Matplotlib. Matplotlib is a Python library for creating static, animated, and
interactive visualizations, and is widely used for plotting scientific data.

These packages are external dependencies of Mini-Pole and can typically be installed
using the pip install command.

10.1.2. Installation Commands

The following commands download, build, and install Mini-Pole.
To install the latest unreleased version from source, use

$ git clone git@github.com:Green-Phys/MiniPole.git
$ cd MiniPole
$ python3 setup.py install

To install the latest released version via pip, use

$ pip install mini-pole

In general, the unreleased version may contain more functionality than the released
version, but it may also be less stable. Users should therefore use it with caution.

After installation, the main classes can be imported as

from mini_pole import MiniPole, MiniPoleDLR, MiniPoleRf, MiniPoleRfDPR

The appropriate class depends on the task, as described in the following sections.

10.2. Usage

10.2.1. MiniPole

The standard MPM algorithm for Matsubara data is implemented in the class MiniPole.
Note the distinction between the package name, mini-pole, and the class name, MiniPole.
The class is named MiniPole, rather than MiniPoleIf, where “If” would stand for
“imaginary frequency,” for historical reasons: the Minimal Pole Method was originally
developed for Matsubara data [38, 39].

136



10.2.1.1. Data preparation

The input data are values of a Green’s function on a non-negative uniform Matsubara
grid,

{G(iω0),G(iω1), · · · ,G(iωnω−1)}, (10.1)

where ωn = (2n + 1)π/β for fermions and ωn = 2nπ/β for bosons. The input array
can be either scalar-valued, with shape (n_w,), or matrix-valued, with shape (n_w,
n_orb, n_orb), where n_w and n_orb denote the number of Matsubara points and
orbitals, respectively.

If the original data are given on a non-uniform grid, for example from the intermediate
representation (IR) [79] or the discrete Lehmann representation (DLR) [82], they should
first be transformed to a uniform Matsubara grid [80, 109] before being used as input
to MiniPole. Alternatively, one can use MiniPoleDLR, which is introduced in the next
section.

When symmetry=False, the algorithm extracts poles in the lower-half complex plane,
as explained below. In this case, the optimal value of nω is the one that makes the
transformed poles ξ̃l as well separated as possible. Fortunately, as shown in Sec. 6.3.3,
MPM is highly robust with respect to the number of available data points. In practice, it
is typical to choose nω between β and 10β. When symmetry=True, the algorithm extracts
poles on the real axis. In this case, one can choose the largest nω that is computationally
affordable, since the running time increases with nω. In practice, choosing nω = 10β is
usually sufficient.

The code uses the up-down symmetry (3.34) to reconstruct G(iωn) at negative Mat-
subara frequencies. If the Matsubara data slightly violate this symmetry for numerical
reasons, one can pre-symmetrize the data by applying

G(iωn) + [G(−iωn)]
†

2
→ G(iωn) (10.2)

for n ≥ 0 before passing the data to MiniPole.

10.2.1.2. Input parameters

The MiniPole class is used as follows:
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p = MiniPole(G_w, w, n0="auto", err=None, err_type="abs",
M=None, symmetry=False, compute_const=False)

The parameters have the following meanings:

• G_w – an (n_w, n_orb, n_orb) or (n_w,) array containing the Matsubara data.

• w – an (n_w,) array containing the corresponding real-valued Matsubara grid.

• n0 – an integer or string corresponding to n0 in the main text, with default value
"auto". If set to "auto", n0 is selected automatically. If a non-negative integer is
provided, n0 is fixed to that value.

• err – a floating-point number specifying the error tolerance for the calculation.

• err_type – a string with default value "abs". It specifies the type of error toler-
ance: "abs" for absolute error and "rel" for relative error.

• M – an optional integer specifying the number of poles in the final result. If it is
not specified, the precision from the first ESPRIT step is used to extract poles in
the second ESPRIT step.

• symmetry – a Boolean variable with default value False. It determines whether
to preserve the up-down symmetry (3.34) of the Green’s function.

• compute_const – a Boolean variable with default value False. It determines
whether to compute the constant term in G(z) =

∑
l Al/(z−ξl)+const. If False,

the constant term is fixed to zero.

Other parameters, such as n0_shift, G_symmetric, plane, include_n0, k_max, and
ratio_max, are advanced options used to control the details of automatic interval se-
lection, symmetrization, pole-weight calculation, and contour integration. They can
usually be left at their default values.

If const is nonzero and its value is known, it is advisable to subtract it from the input
data beforehand and set compute_const=False. Cases requiring compute_const=True
are rare. When this option is used, the computed constant is stored in p.const. For
simplicity, we use the default value throughout this tutorial.
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After the calculation, the recovered complex pole representation can be accessed
through p.pole_weight and p.pole_location. The former stores the pole weights
Al with shape (M, n_orb, n_orb), while the latter stores the shared pole locations ξl
with shape (M,).

The resulting Green’s function is represented as

G(z) ≈
M∑
l=1

Al

z − ξl
, (10.3)

where M is the number of recovered poles, either specified manually or determined
automatically. The real-frequency spectral function can then be evaluated from the
boundary value at z = ω + i0+.

10.2.1.3. Numerical analytic continuation

For numerical analytic continuation (NAC), one usually wants to determine n0 auto-
matically. This means that the first ESPRIT step is used to approximate the continuous
interval

[G(iωn0),G(iωnω−1)], (10.4)

rather than the full set of discrete points

{G(iω0),G(iω1), · · · ,G(iωnω−1)}. (10.5)

The first n0 points are excluded from the first ESPRIT step because including them can
lead to an inaccurate approximation on the continuous interval [G(iω0),G(iωn0)]. Such
an error would reduce the reliability of the contour-integral calculation and introduce
uncontrolled errors into the final result. Although including these low-frequency points
can be useful for hybridization fitting or compact representation, it is usually not ben-
eficial for NAC, where the primary goal is to recover the spectral function reliably. If
desired, one may set include_n0=True to include the first n0 Matsubara points when
calculating the pole weights. In practice, however, we find that this option provides
little improvement.

Unlike in hybridization fitting, the number of resulting poles is usually not fixed in
advance for NAC. Therefore, n0 and M can almost always be left at their default values.
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For finite-size systems with only delta peaks, one may set symmetry=True to restrict the
poles to the real axis. In all other cases, one can keep the default value symmetry=False,
which allows poles in the lower-half complex plane, including the real axis.

Therefore, the use of MiniPole for NAC usually reduces to

p = MiniPole(G_w, w, err=err, err_type=err_type)

so that only the error tolerance err and its type err_type need to be specified. A useful
way to choose these parameters is to inspect the singular-value distribution from the
first ESPRIT step, which can be plotted by

p.check_svd()

Fig. 10.1 shows two typical singular-value distributions. The dashed line indicates the
singular value currently used as the cutoff. In practice, the cutoff singular value should
be chosen as the last singular value that remains in the first clean exponentially decaying
regime of this semilog plot. In Fig. 10.1(b), one can choose a cutoff below the dashed
line and obtain a more accurate approximation to the input data. However, doing so
overfits the data and produces spurious features in the reconstructed spectral function.
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Figure 10.1: Two typical patterns of singular-value distributions in the first ES-
PRIT step for (a) data with random noise at level 10−5 and (b) data
without random noise but with systematic bias at level 10−6, which
may arise from loss of precision during iterative simulations. The
gray lines indicate the recommended cutoffs.

In the first ESPRIT step, we use a minimal number of exponentials to approximate
G(z), even though G(z) is expected to have a pole representation rather than a fi-
nite exponential representation. Therefore, the singular-value distributions generally
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do not exhibit the pattern shown in Fig. 4.1(a). Based on this observation, one may
use algorithms such as the Kneedle algorithm [168, 169] to estimate the error toler-
ance automatically. This is achieved by leaving err unspecified, for example by using
p = MiniPole(G_w, w). As a result, all three commands below produce the same re-
sults shown in Fig. 10.2.

p = MiniPole(G_w, w)
p = MiniPole(G_w, w, err=1e-4)
p = MiniPole(G_w, w, err=1e-5, err_type="rel")
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Figure 10.2: (a) Singular-value distribution of the first ESPRIT step for an ex-
ample with absolute noise level 10−4, corresponding to relative noise
level 10−5. The dashed line shows the chosen cutoff, which can be
obtained by any of the three commands introduced in the main text.
(b) The recovered spectral function, which becomes closer to the ex-
act result as the noise level decreases.

Although the Kneedle algorithm often provides a good estimate of the cutoff singular
value, it is not guaranteed to work in all cases. A practical strategy is therefore to
decrease err gradually until the analytic properties of the recovered spectral function
are visibly violated. For the diagonal components of fermionic Green’s functions, this
typically means that the spectral function ceases to be visually positive. At that point,
the input data have been overfitted, and the previous cutoff value usually provides a
near-optimal choice.

In principle, one could introduce an additional option to strictly constrain the spectral
shape using Eq. (7.17) or Eq. (7.18), even when the input data are inaccurate. In
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practice, however, we find that if the unrestricted calculation does not produce a solution
that is visually positive, imposing positivity manually does not make the result reliable,
even though it may make the spectrum positive. For this reason, this option is not
currently included in the code. Instead, the degree to which positivity is violated is
used as an indicator of the reliability of the result.

Before concluding this section, we mention that the intermediate steps of MiniPole
can be checked using

p.check_valid()

Fig. 10.3 shows a series of plots generated by this command, ordered from left to right
and then from top to bottom. To verify that MiniPole works as expected, one should
check the following points. First, the singular-value cutoff in the first subplot should
follow the criterion described above. The dashed line shows the chosen cutoff, while
the solid line shows the actual precision of the first ESPRIT approximation; these two
lines should be close to each other. Second, the first ESPRIT approximation should
be controlled by the solid line. Third, the contour integral in the third subplot should
decay continuously without flattening near the final points. Fourth, the singular values
in the second ESPRIT step, shown in the fourth subplot, should be truncated using the
same principle as in the first subplot. Fifth, the approximation of the contour integral
should be well controlled. Sixth, the final approximation in the sixth subplot should
also be controlled, possibly with an error about one order of magnitude larger than the
target precision because of accumulated errors during the full computation. Seventh,
the complex poles in the original plane, shown in the seventh subplot, should be located
in the lower-half plane. Finally, the complex poles in the mapped plane, shown in the
last subplot, should be visually separated rather than clustered around the same point.

10.2.1.4. Hybridization fitting and compact representation

Both hybridization fitting and compact representation of Matsubara data aim to recover
a set of real poles. To achieve this, one can set symmetry=True to enforce the up-down
symmetry (3.34). Unlike in NAC, the goal here is to optimize the approximation on the
discrete points {G(iω0),G(iω1), · · · ,G(iωnω−1)}. Therefore, one usually does not want
to discard any points in the first ESPRIT step, and one can set n0=0.
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Figure 10.3: A series of plots generated by p.check_valid() for checking the va-
lidity of the intermediate steps.
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For compact representation, one usually does not fix the number of poles. In other
words, M is kept at its default value, None. Therefore, the use of MiniPole for compact
representation reduces to

p = MiniPole(G_w, w, n0=0, err=err, err_type=err_type, symmetry=True)

so that one only needs to specify the desired precision level. This is the method used in
Ref. [104] to generate the discrete pole representation of MPM.

For hybridization fitting, the number of poles M is usually essential. The resulting pole
representation is often used to construct an effective model, which is then solved using
diagonalization-based techniques. The computational cost of such solvers is limited by
the size of the Hilbert space, which is determined by M. As a result, the use of MiniPole
for hybridization fitting reduces to

p = MiniPole(G_w, w, n0=0, err=err, err_type=err_type,
M=M, symmetry=True)

The precision level err should be set below the final precision achievable by the pre-
scribed number of poles. As long as it is smaller than this value, its precise value does
not affect the final approximation quality.

As in NAC, one can use p.check_valid() to inspect the intermediate steps and gain
confidence in the final result.

10.2.2. MiniPoleDLR

The package also provides a DLR-based variant of MiniPole, implemented in the
class MiniPoleDLR. This version starts from the discrete Lehmann representation coef-
ficients [82, 109] rather than from raw Matsubara data.

As mentioned in Sec. 7.4.7, MiniPoleDLR can be viewed as a faster version of MiniPole
with a larger effective n0. It usually runs faster, but it may produce less accurate results
than MiniPole when the input data are not sufficiently accurate. However, when the
input precision is more than sufficient, MiniPoleDLR is preferable because it can produce
spectral functions of comparable quality to those obtained from the original MiniPole,
while requiring substantially less computational time.

The MiniPoleDLR class is used as follows:
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p = MiniPoleDLR(Al_dlr, xl_dlr, beta, n0, nmax=None, err=None,
err_type="abs", M=None, symmetry=False)

Here, instead of using G_w and w, one uses Al_dlr, which contains the DLR coefficients,
xl_dlr, which contains the DLR real-frequency grid, and beta, which is the inverse
temperature. The additional parameter nmax represents the upper limit of the Mat-
subara frequency when symmetry=False. Its default value is equal to beta and can
usually be kept unchanged. Other parameters have the same usage as in MiniPole;
therefore, MiniPoleDLR can be readily used for NAC, hybridization fitting, or compact
representation.

10.2.3. MiniPoleRf

The standard MPM algorithm for real-frequency fitting [40] is implemented in the class
MiniPoleRf, where “Rf” stands for “real frequency.”

10.2.3.1. Data preparation

The primary object to approximate is the spectral function A(ω) defined in Eq. (8.1).
Although the method can be used to approximate a generic matrix-valued real-frequency
Green’s function, we focus on A(ω) for simplicity. Applications to more general functions
can be found in the examples folder of the repository.

Currently, the input must be an analytic expression for A(ω). If the input is sampled
on a finite real-frequency grid, one can first construct an analytic approximation, for
example using spline interpolation. The quality of this approximation improves as the
sampling grid becomes denser. Alternatively, one can use an algorithm such as the
AAA algorithm [152, 153] to extract a discrete pole representation and then pass it to
MiniPoleRfDPR, which is introduced in the next section.

10.2.3.2. Input parameters

The MiniPoleRf class is used as follows:

p = MiniPoleRf(G_rf, func_type="real", interval_type="infinite",
w_min=-10, w_max=10, wp_max=1, sing_vals=None,
err=None, M=None)
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The parameters have the following meanings:

• G_rf – a list of length n_orb**2 containing analytic expressions for the real-
frequency functions.

• func_type – a string specifying the type of functions in G_rf. It can be either
"real" for real-valued functions or "complex" for complex-valued functions.

• interval_type – a string specifying the type of real-frequency interval. It can
be either "infinite" for the entire real-frequency axis or "finite" for a finite
interval.

• w_min – a floating-point number with default value -10. It specifies the lower bound
of the finite real-frequency interval, corresponding to ωmin in the mapping (8.4).

• w_max – a floating-point number with default value 10. It specifies the upper bound
of the finite real-frequency interval, corresponding to ωmax in the mapping (8.4).

• wp_max – a floating-point number with default value 1. It specifies the parameter
used in the Möbius transformation for the infinite real-frequency interval, corre-
sponding to ωp in the mapping (8.3).

• sing_vals – an optional list containing the singular points of G_rf. If it is not
provided, G_rf is assumed to have no singular points on the interval of interest.

• err – a floating-point number specifying the error tolerance used during the ap-
proximation process.

• M – an optional integer specifying the number of poles in the final result. If it is
not specified, the number of poles is determined automatically from the prescribed
error tolerance.

Other parameters, such as compute_const, k_max, and Lfactor, are advanced options
used to control the details of constant-term computation, contour integration, and the
ESPRIT implementation. They can usually be left at their default values.

Like MiniPole and MiniPoleDLR, the method returns a minimal pole representation.
The pole weights are stored in p.pole_weight, a NumPy array of shape (M, n_orb, n_orb),
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and the shared pole locations are stored in p.pole_location, a NumPy array of shape
(M,).

The resulting real-frequency function is represented as

A(ω) ≈
M∑
l=1

(
A

(dn)
l

ω − ξ(dn)l

+
A

(up)
l

ω − ξ(up)l

)
. (10.6)

Here, M denotes the number of recovered poles in the lower-half plane. The precise con-
nection between Al, ξl, M , and the code variables p.pole_weight, p.pole_location,
and M depends on whether the mapping (8.3) or the mapping (8.4) is used, as explained
below.

10.2.3.3. Conformal mapping (8.3)

When the mapping (8.3) is used, the whole real axis is mapped to the unit circle.
Therefore, one should set interval_type="infinite". The parameter wp_max is the
parameter ωp in Eq. (8.3) and should be chosen to be comparable to the relevant energy
window. Since we focus here on approximating the spectral function A(ω), which is real-
valued, one can keep func_type at its default value. It should be changed to "complex"
whenever the input function is complex-valued. For this mapping, only {A(dn)

l , ξ
(dn)
l } is

mapped inside the unit circle. Therefore, if one wants to specify the number of output
poles, one should set M equal to the desired number of lower-half-plane poles. A typical
usage is therefore

p = MiniPoleRf(G_rf, interval_type="infinite", wp_max=wp_max,
sing_vals=sing_vals, err=err, M=M)

As an example, consider a semicircular spectral function centered at the origin with
radius 2, A_w = lambda w: np.sqrt(np.maximum(4 - w**2, 0.0)). Its energy win-
dow is 2, and it has singular points at ω = ±2. If one aims to obtain M = 10 poles in
the lower-half plane, then MiniPoleRf can be used as follows:

p = MiniPoleRf([A_w], interval_type="infinite", wp_max=2,
sing_vals=[-2, 2], err=1e-8, M=10)

Here, err is chosen to be smaller than the final precision produced by the recovered
poles. As in Sec. 10.2.1.4, as long as it is smaller than this value, its precise value
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does not affect the final approximation quality. The resulting 10 poles {A(dn)
l , ξ

(dn)
l } are

stored in p.pole_weight and p.pole_location.

10.2.3.4. Conformal mapping (8.4)

When the mapping (8.4) is used, the finite real-frequency interval [ωmin, ωmax] is mapped
to the unit circle. Therefore, one should set interval_type="finite". The parameters
w_min and w_max correspond to ωmin and ωmax in Eq. (8.4). They should be chosen to
cover a sufficiently large energy window so that the long-frequency tail of the spectral
function is captured. For this mapping, both {A(dn)

l , ξ
(dn)
l } and {A(up)

l , ξ
(up)
l } are mapped

inside the unit circle. Therefore, if one wants to obtain M lower-half-plane poles, one
should set M equal to 2M in the code. A typical usage is therefore

p = MiniPoleRf(G_rf, interval_type="finite", w_min=w_min,
w_max=w_max, sing_vals=sing_vals, err=err, M=M)

As a demonstration, consider again the semicircular spectral function introduced
above. If one aims to obtain M = 10 poles in the lower-half plane, then MiniPoleRf
can be used as follows:

p = MiniPoleRf([A_w], interval_type="finite", w_min=-6, w_max=6,
sing_vals=[-2, 2], err=1e-8, M=20)

In this case, p.pole_weight and p.pole_location contain both {A(dn)
l , ξ

(dn)
l } and

{A(up)
l , ξ

(up)
l }, giving 20 poles in total.

10.2.4. MiniPoleRfDPR

MiniPoleRfDPR is a variant of MiniPoleRf for real-frequency fitting [40]. It takes a
discrete pole representation as input rather than an analytic expression for the real-
frequency function. For example, when the input data are sampled only on a finite
grid, one can first apply the AAA algorithm with a small tolerance ε to prioritize
approximation accuracy over the number of poles. This usually produces more poles
than can be handled efficiently by the target numerical solver. One can then use these
poles as the input to MiniPoleRfDPR and specify M to reduce the number of poles.
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In principle, one could specify the number of poles M directly in the AAA algorithm
rather than specifying the tolerance ε. However, as shown in Ref. [40], convergence with
respect to the number of poles is usually slower for AAA than for MPM. In practice,
MiniPoleRfDPR usually produces an approximation comparable to that obtained from
MiniPoleRf. The choice between the two depends on the form of the available input
data and should be made on a case-by-case basis.

The MiniPoleRfDPR class is used as follows:

p = MiniPoleRfDPR(Al_dpr, xl_dpr, interval_type="infinite",
w_min=-10, w_max=10, wp_max=1, err=None,
err_type="abs", M=None)

Here, the analytic expression G_rf is replaced by the discrete pole representation Al_dpr
and xl_dpr, which are related to the spectral function through Eq. (8.1). This work-
flow is useful when another rational approximation method first produces a large pole
representation, and MPM is then used as a compression step to obtain a more compact
representation.

10.3. Summary
Mini-Pole provides a practical implementation of the complex pole representation and
the Minimal Pole Method (MPM) developed in this dissertation. The class MiniPole
implements the standard procedure for uniformly spaced Matsubara data, including nu-
merical analytic continuation (NAC), imaginary-axis hybridization fitting, and the ex-
traction of compact representations for imaginary-axis Green’s functions. MiniPoleDLR
provides a DLR-based variant of MiniPole that is faster and uses a larger effective
n0 for NAC. MiniPoleRf applies MPM to real-frequency fitting when the input is an
analytic expression for the real-axis function. Finally, MiniPoleRfDPR is a variant of
MiniPoleRf that works directly with discrete pole representations. Together, these
tools make it possible to apply the methods developed in this thesis to NAC on the
imaginary axis, as well as to hybridization fitting and compact representation on both
real- and imaginary-frequency axes, for both scalar-valued and matrix-valued correlation
functions.
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Chapter 11

Conclusions and Outlook

This dissertation developed the complex pole representation as a unified framework
for representing Green’s functions and correlation functions in quantum many-body
simulations. The central idea is that continuous spectral and correlation functions, which
in conventional descriptions are associated with branch cuts or dense sets of real poles,
can often be approximated accurately by a small number of complex poles with complex-
valued weights. This viewpoint provides both a compact numerical representation and
a physically motivated way to organize real-frequency information.

The first part of this dissertation introduced the theoretical and numerical foundations
needed for this construction. We reviewed the second-quantization formalism and the
single-particle Green’s functions used throughout the thesis. The Lehmann representa-
tion shows that finite-size Green’s functions can be expressed as sums over real poles,
while extended systems lead naturally to continuous spectra and broadened spectral fea-
tures. This observation motivated the complex pole representation developed in Ch. 5.
There, we analyzed how complex-valued poles and weights can approximate broadened
peaks, how the pole locations are constrained by causality and the Kramers–Kronig
relations, and why strict positivity becomes delicate in complex pole representations.
We also discussed the matrix-valued extension and the representation of other real-axis
Green’s functions.

The numerical foundation of the method was provided by Prony-like algorithms, espe-
cially ESPRIT and its matrix-valued extension. Combined with holomorphic mappings,
these techniques allow the extraction of minimal pole information from sampled data.
This combination led to the Minimal Pole Method (MPM), which was the main com-
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putational framework developed in this dissertation.
The first main application of MPM was numerical analytic continuation. In Ch. 6,

we showed that Matsubara response functions can be approximated by a minimal com-
plex pole representation to within a prescribed precision. The resulting real-frequency
spectral functions converge systematically to the exact result as the precision of the Mat-
subara input data is improved. This behavior is in contrast to the traditional view of
analytic continuation as a purely ill-conditioned post-processing problem. The method
was shown to work for discrete and continuous spectra, for diagonal and off-diagonal
response functions, and for both fermionic and bosonic cases. In the presence of noise,
fitting to the known precision of the input data yields physically meaningful spectra
that improve as the uncertainty on the Matsubara axis is reduced.

The second main development was the matrix-valued extension presented in Ch. 7.
In realistic quantum many-body calculations, Green’s functions, self-energies, and sus-
ceptibilities are often matrix-valued objects. Treating each element independently may
ignore shared analytic structure and lead to inconsistent continuations. The matrix-
valued MPM resolves this issue by allowing different matrix elements to share the same
pole locations while carrying distinct matrix-valued weights. We further introduced
several systematic improvements, including restrictions to real poles when appropriate,
constraints on spectral shapes, a combination with the discrete Lehmann representa-
tion, the incorporation of prior knowledge, and an automatic procedure for selecting the
initial Matsubara point. These developments broaden the applicability of the method
while preserving systematic improvability.

The third main application was real-frequency bath fitting and compact representa-
tion, discussed in Ch. 8. There, the complex pole perspective was transferred from the
Matsubara axis to the real-frequency axis. Spectral densities, real-frequency Green’s
functions, and bath correlation functions were represented by compact sets of com-
plex poles. This provides an alternative to nonlinear fitting procedures commonly used
in quantum impurity models, open quantum systems, and real-time simulations. The
resulting representation achieves accuracy comparable to state-of-the-art methods on
short-time intervals, while providing a more controlled description of long-time tail be-
havior.

The fourth main application was the construction of quantum impurity solvers, dis-
cussed in Ch. 9. We explored both imaginary-axis and real-axis formulations using the
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single-impurity Anderson model as an example. On the imaginary axis, complex poles
can be used to construct non-Hermitian Hamiltonians for non-interacting problems.
However, once interactions are introduced, the fact that the complex pole representa-
tion is valid only in one half of the complex plane becomes a fundamental limitation.
Both Hamiltonian-based and diagrammatic imaginary-axis calculations then require ad-
ditional restrictions that effectively lead back to real-pole-based formulations. On the
real axis, by contrast, the complex pole representation is naturally compatible with
the analytic structure of retarded, advanced, greater, lesser, time-ordered, anti-time-
ordered, and Keldysh Green’s functions. This allowed us to construct compact real-axis
impurity solvers, including a Liouvillian-based solver for nonequilibrium steady states
and a complex-pole-based diagrammatic solver for real-axis perturbation theory. These
results show that complex poles can serve not only as tools for pre- and post-processing,
but also as active computational degrees of freedom in quantum impurity simulations.

Finally, Ch. 10 presented Mini-Pole, an open-source Python implementation of the
methods developed in this dissertation. The package provides tools for analytic con-
tinuation, compact representation, hybridization fitting, and pole compression. This
software component makes the complex pole framework accessible for practical use and
provides a reproducible implementation of the algorithms introduced throughout the
dissertation.

Taken together, these results show that numerical analytic continuation, hybridiza-
tion fitting, compact representation, and quantum impurity solvers are closely related
problems. Each seeks to replace a complicated continuum object by a finite set of
parameters while preserving the information needed for physical calculations. The com-
plex pole representation provides a common language for these tasks. It also reveals
analytic information, such as pole locations and weights, that can be useful not only
for numerical approximation but also for physical interpretation and direct many-body
simulation.

Several directions remain open for future work. First, although MPM provides a
systematically improvable route to the analytic continuation of Matsubara data and
can, in principle, recover the spectral function to a prescribed precision when sufficiently
accurate input data are available, practical simulations often provide data with only
limited precision. This is especially relevant for quantum Monte Carlo simulations,
where statistical noise limits the amount of recoverable information. In this situation,
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extracting the minimal number of poles may not always yield the most accurate spectral
function. In the extreme limit of very noisy data, the method may recover only a
single pole, thereby losing finer spectral features. It therefore remains an open question
whether there exist alternative representations or regularization strategies that retain
systematic improvability while converging more rapidly for certain physically relevant
classes of systems.

Second, the real-axis impurity solvers developed in this dissertation are still at an
early stage. The Liouvillian-based solver and the complex-pole-based diagrammatic
solver demonstrate the feasibility of using complex poles as active computational de-
grees of freedom, but many extensions remain to be explored. For the Liouvillian-based
approach, it will be important to improve the construction of effective open quantum
systems, reduce the number of auxiliary degrees of freedom, and develop more effi-
cient non-Hermitian many-body solvers. For the diagrammatic approach, future work
may extend the current second-order perturbative calculations to higher-order diagrams,
self-consistent schemes, and more realistic multi-orbital impurity models. These devel-
opments could provide compact, direct real-axis alternatives to conventional impurity
solvers.

Third, the Mini-Pole package provides a practical implementation of the algorithms
developed in this dissertation, but many software improvements remain possible. Fu-
ture versions could include more automated parameter selection, better diagnostics for
noisy input data, and tighter integration with existing many-body simulation packages.
Such developments would make the complex pole framework easier to apply to realistic
problems and would help connect the methods developed here to broader computational
workflows.

Finally, the complex pole representation developed in this dissertation may also be
useful for two-particle correlation functions, vertex functions, and other quantities that
appear in many-body theory. These objects are often high-dimensional and difficult
to store, manipulate, or continue to the real axis. Generalizing the complex pole rep-
resentation to such quantities could possibly provide new tools for studying response
functions, collective modes, and effective interactions.
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Appendix A

Implementation Details of the
Scalar-Valued Minimal Pole Method

The input of our simulations is an odd number of Matsubara points G(iωn) sampled on
a uniform grid

{iωn0 , iωn0+∆n, · · · , iωn0+(Nω−1)∆n}, (A.1)

where ωn = (2n+1)π
β

for fermions and 2nπ
β

for bosons, n0 ≥ 0 is an integer controlling
the number of the first few points we decide to discard (if any), ∆n ≥ 1 is an integer
controlling the distance of successive sampling points, Nω is the total number of sampling
points and should be an odd number. We find that it is sometimes advantageous to
choose n0 different from 0 (for fermions) or 1 (for bosons). In this case, the final
interpolant has to be validated at the discarded points to ensure that they are consistent
with the interpolant. For concreteness, in our simulations we choose β = 200, Nω = 2001

and ∆n = 1, unless otherwise specified.
For this work, unless specified, the Matsubara data is always obtained from a known

spectral function A(ω) via

G(iωn) =

∫ +∞

−∞
dω

A(ω)

iωn − ω
. (A.2)

After obtaining pole information by our method, the recovered spectral function is
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obtained from

Acont(ω) = −
1

π
Im lim

η→0+

M∑
l=1

Al

ω + iη − ξl
. (A.3)

And the quality of the analytic continuation is characterized by the ℓ1 norm of the
discrepancy:

err(A) =

∫ +∞

−∞
dω|A(ω)− Acont(ω)| . (A.4)

For broadened peaks, since poles are away from the real axis, we take η ≡ 0. For delta
peaks, η is always chosen to be 0.01 for both visualization and evaluation of err(A),
unless otherwise specified.

To facilitate later discussions, two functions, the Gaussian function and the Lorentzian
function, are defined here:

g(ω, µ, σ) =
1√
2πσ

exp

{
−(x− µ)2

2σ2

}
, (A.5)

l(ω, µ, γ) =
1

π

γ

(ω − µ)2 + γ2
. (A.6)

A.1. Error Control
In this section, we simulate two models, one for the discrete case with both centered
and off-centered delta peaks, the other for the continuous case with multiple-featured
broadened peaks. For the former, the spectral function takes the form:

A(ω) = 0.52δ(ω) + 0.48δ(ω − 1) , (A.7)

where δ(w) is the Dirac delta function and the parameter n0 is chosen to be 30 because
of the singularity on the origin. For the later, we choose

A(ω) = 0.2g(ω,−2, 0.5) + 0.3g(ω, 0, 0.2) + 0.5g(ω, 1, 0.5) (A.8)

with parameter n0 = 0.
Recovered results are listed in Table A.1 and A.2, where the negligible imaginary part

for the discrete case has been discarded for readability. Distinguishing delta peaks and
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ε M Al ξl
2.55× 10−4 2 0.511333354898343 −0.005233280979342

0.489020327225432 0.995141438211015
7.98× 10−6 2 0.519686962815029 −0.000294257935939

0.480312064764053 1.000123355664247
1.83× 10−7 2 0.519996253000921 −0.000005670340152

0.480003446182263 1.000008012212157
5.75× 10−9 2 0.520000036501130 −0.000000005157088

0.479999958687507 1.000000183105766
1.60× 10−10 2 0.520000015775204 0.000000013352668

0.479999984193619 0.999999995909646
8.26× 10−13 2 0.520000000194287 0.000000000223985

0.479999999801583 0.999999999848198

Table A.1: Recovered {Al, ξl} for Fig. 6.2(a).

broadened peaks can be easily achieved by examining the imaginary part of ξl. Poles
with negligible weights have also been discarded. Besides, there is subtlety associated
with the predetermined error tolerance ε. When ε is given, the program looks for the
first singular value from SVD which satisfies σ ≤ ε. Because we do not distinguish ε

and σ in the content of our work and σ is discrete, ε is also discrete in this sense. This
is the reason why ε has several digits.

A.2. Dependence on Temperature
In this section, we test the dependence of performance on system temperature. The
spectral function being tested is

A(ω) = 0.3l(ω,−2.5, 0.8) + 0.5l(ω, 0, 0.5) + 0.2g(ω, 2.5, 0.8) . (A.9)

Here, Nω is fixed at 201, and the precision levels are selected to be {10−3, 10−6, 10−9, 10−12}.
The parameter n0 for β = 1, 2, 5, 10, 20, 50 is chosen to be 10, 12, 12, 6, 4, and 2, re-
spectively, regardless of the precision level.

156



ε M Al ξl
2.36 × 10−3 3 0.118058903808435 + 0.182403162681001i −1.204450173782112 − 0.156711479499872i

0.623126378429802 − 0.167121980005347i −0.030090705376894 − 0.293343960793297i
0.315285665426528 − 0.002154502881458i 1.048877531307533 − 0.111010313119802i

1.89 × 10−5 4 0.294789142930615 − 0.030683407576160i −1.946519611154891 − 0.483902193898281i
0.195404650709736 − 0.620495075034599i −0.146585427014933 − 0.335878950110814i

−0.029769767413130 + 0.374041799008952i 0.177981280484458 − 0.295491343144327i
0.534054140868870 + 0.274005525859195i 1.206305940667271 − 0.475472509411325i

7.70 × 10−7 5 0.235930048552452 − 0.078646824324015i −2.136509145947329 − 0.415697321174864i
−0.246758054089975 − 0.960556415150371i −0.174493698730584 − 0.399719372355751i
0.137210004779730 + 1.154077808958321i 0.138510559424034 − 0.403564765336938i
0.958566688287725 − 0.395613126648794i 0.786369292495720 − 0.692579926695643i

−0.085315624707392 + 0.281372452486608i 1.734960150099575 − 0.630973836857521i

1.04 × 10−9 8 −0.000869254038466 − 0.066370182984203i −2.784179904883692 − 0.471055373757732i
0.251842355381606 − 0.000121368742237i −1.943630489721618 − 0.571923148208484i

−0.173694882612084 − 0.087756520613306i −0.806323900759767 − 0.637092057687596i
−1.852955505830634 + 0.578497739787043i −0.262523270780438 − 0.514116078156992i
4.632053629971353 − 0.456112255262277i −0.006147361455948 − 0.525774338640829i

−2.337119090834560 − 0.482155607092420i 0.253151690147532 − 0.523458691783798i
0.601579319546361 + 0.449531659601334i 1.204948811727744 − 0.733105192605620i

−0.120836019433872 + 0.064484991851313i 1.946971017902517 − 0.674348076546615i

3.54 × 10−11 9 −0.035616516363429 − 0.085123955396923i −2.771552714415409 − 0.603953536741066i
0.347803557080295 + 0.027535918871576i −1.928181641845855 − 0.700395552874667i

−0.799529779639230 + 0.045638491582258i −0.640111461899102 − 0.956402202375529i
−1.544146981258659 + 1.760650223719916i −0.292521122921537 − 0.540703723620048i
5.654018960196657 − 2.147975691168267i −0.027662643155237 − 0.544480942308326i

−3.050137945302188 − 0.175769757941538i 0.234638870973690 − 0.533138493156489i
−0.000037772920485 + 0.000069877726134i 0.548923094314165 − 0.031530914939886i
0.539369205783499 + 0.546534384372247i 1.254717651072944 − 0.746514675519833i

−0.111722512793357 + 0.028440919741972i 2.007471710919555 − 0.696705820338941i

2.14 × 10−13 11 −0.024837926566027 − 0.004366347509901i −3.118069119689864 − 0.643167785434883i
0.098395494318060 − 0.219620264536520i −2.365185683165514 − 0.716876112030249i
0.185967844930931 + 0.252384802247341i −1.674049451686480 − 0.785786582368154i
0.924104691602651 + 0.664403394148004i −0.397811568145370 − 0.560220818702668i

−4.265344958424443 − 4.603656276549160i −0.157425734776960 − 0.577214844399315i
5.440160882854892 + 6.435022023450554i 0.059136250873121 − 0.581043116187629i

−1.677223757359942 − 2.886437519921194i 0.288553682833324 − 0.574535166568495i
0.034681571989394 − 0.069689910633521i 0.814058514940610 − 0.481768187664549i
0.346643348885711 + 0.325386507633010i 1.261498342766544 − 0.664043673218963i

−0.050313356223844 + 0.105058861667653i 1.793090553825032 − 0.586679051877780i
−0.012233839679708 + 0.001514730029528i 2.364554990881565 − 0.552750542706448i

Table A.2: Recovered {Al, ξl} for Fig. 6.2(b).
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A.3. Dependence on Data Points
We examine the dependence on the number of available data points in this section.
The model used is given by Eq. A.9. We evaluate the performance at different pre-
cision levels {10−3, 10−6, 10−9, 10−12} and various numbers of available points Nω ∈
{7, 9, 11, 35, 151, 1001}. The parameter n0 is fixed at 10, and β is fixed at 30.

A.4. Challenging Examples
In this section, we examine density of states in 2d tight-binding models, as well as a
‘Kondo’-like spectral function with both smooth and sharp features.

In (a), we study the model on the square lattice with nearest-neighbor interaction
t = 1 and next-nearest-neighbor interaction t′ = 0.2. Following the convention from
Ref. [86], the spectral function can be expressed as

A(ω) =
1

π2|t′|
√
z0(u2 − 4)

K

(
z1
z0

)
, (A.10)

where K(m) =
∫ π

2

0
dϕ[1−m sin2 ϕ]−1/2 is the complete elliptic integral of the first kind,

and

z0 =


q, 0 < p ≤ q

p, 0 < q < p

p− q, q < 0

, (A.11)

z1 =


q − p, 0 < p ≤ q

p− q, 0 < q < p

p, q < 0

. (A.12)

Here, p and q are defined by two dimensionless parameters u = t/t′ and E = ω/t:

p =
4u(u− E)
u2 − 4

, (A.13)

q =
(Eu− 4)2

4(u2 − 4)
. (A.14)
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And finally, the non-zero range is determined by

−4− 4

u
≤ E ≤ 4− 4

u
, |u| ≥ 2. (A.15)

Because of the sharp feature in the spectral function, we find that calculating Mat-
subara data from Eq. A.2 loses lots of precision. So instead, we obtain the input data
from

G(iωn) =
1

(2π)2

∫ π

−π

dk1

∫ π

−π

dk2
1

iωn − ϵk
, (A.16)

where the tight-binding Hamiltonian has the expression

ϵk = −2t cos k1 − 2t cos k2 − 4t′ cos k1 cos k2 . (A.17)

The simulation is performed at n0 = 0.
In (b), we study the model on the Bethe lattice with interaction t = 1. The spectral

function in this case is a semicircle:

A(ω) =
1

2πt2

√
4t2 − ω2 . (A.18)

And the Matsubara Green’s function has the analytic expression

G(iωn) =
i

2t2
(ωn −

√
ω2
n + 4t2) for ωn > 0 . (A.19)

This is also simulated at n0 = 0.
In (c), we study the model on an anisotropic triangular lattice with interaction t = 1

for two of the three directions and t′ = 0.75 for the third direction. As shown in Ref. [86],
the spectral function has the analytic form

A(ω) =
1

π2t′
√
z0
K

(
z1
z0

)
, (A.20)

where

z0 =


q, 0 < p ≤ q

p, 0 < q < p

p− q, q < 0

, (A.21)

159



.

z1 =


q − p, 0 < p ≤ q

p− q, 0 < q < p

p, q < 0

. (A.22)

After the definition of two dimensionless parameters u = t/t′ and E = ω/t, p and q can
be expressed as

r = u
√
u2 − Eu+ 2 , (A.23)

p = 4r , (A.24)

q =
(r − u2)2(r2 − 4u2 + 2ru2 + u4)

4u4
. (A.25)

The non-zero range is

− 4− 2

u
≤ E ≤ u+

2

u
, 0 < u ≤ 2 , (A.26)

− 4− 2

u
≤ E ≤ 4− 2

u
, u > 2 . (A.27)

Similarly, we find the Matsubara data calculated from Eq. A.2 is also inaccurate. So
instead, we obtain the input data from Eq. A.16 with the Hamiltonian

ϵk = −2t cos k1 − 2t′ cos k2 − 2t cos(k1 − k2) . (A.28)

Simulation is performed at n0 = 0.
Finally, the spectral function in (d) has the form

A(ω) = 0.2g(ω,−2, 0.5) + 0.6δ(ω) + 0.2g(ω, 2, 0.5) , (A.29)

with n0 = 10 is chosen for the simulation. For the inset, η is chosen to be a different
value 0.001 to give a better visualization of the comparison.

Simulations for Maximum Entropy (MaxEnt) method and stochastic optimization
method (SOM) are performed using the programs in Refs. [22] and [31], respectively.
The parameter σn for MaxEnt is fine-tuned to yield the best possible spectrum, with
values set at 10−5, 10−4, 10−5 and 10−3, respectively. The weight factor S(n) is set to
be 1 for SOM.
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A.5. Versatility
In (a) and (b), we perform simulations on fermionic grids and choose n0 = 0 for both
cases. For the former, the spectral function reads

A(ω) = −0.5g(ω,−3, 0.5) + 0.1g(ω,−1, 1)− 0.1g(ω, 1, 1) + 0.5g(ω, 3, 0.5) . (A.30)

And for the later, the spectral function is

A(ω) =
∑
l

Alδ(ω − ξl) (A.31)

with

Al = {−0.06842167, 0.30803739, 0.09215373,−0.28216683,−0.09213708, 0.04253446}, (A.32)

ξl = {−4.63614978,−2.60745562, 0.86189661, 1.61810008, 3.33810339, 4.02550532}, (A.33)

which comes from the Exact Diagonalization result of a Hubbard dimer system.
For (c) and (d), simulations are performed on bosonic grids with n0 = 0 and 10,

respectively. The spectral function of (c) is

A(ω) = −0.5g(ω,−1, 1) + 0.5g(ω, 1, 1) (A.34)

and of (d) is
A(ω) =

∑
l

Alδ(ω − ξl) (A.35)

with

Al = {−0.1,−0.3, 0.2, 0.4,−0.4,−0.2, 0.3, 0.1} , (A.36)
ξl = {−3,−2,−1,−0.02, 0.02, 1, 2, 3} . (A.37)
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A.6. Noisy Data
We test the noise resistance of our method for both discrete and continuous cases. The
discrete case is simulated at n0 = 0 for

A(ω) = 0.6δ(ω + 1) + 0.4δ(ω − 1) , (A.38)

and the continuous case is simulated at n0 = 10 for Eq. A.9. Noise is added to the clean
data by

Gnoisy(iωn) = Gexact(iωn)(1 + δ ×NC(0, 1)) , (A.39)

where δ ∈ {10−6, 10−5, 10−4, 10−3, 10−2} and NC(0, 1) is the complex-valued normal
Gaussian distribution. The input data we used is also included in the folder.

The parameter σn for performing MaxEnt is set to be 0.01× |Gnoisy(iωn)|. We do not
use σn = δ×|Gnoisy(iωn)| for MaxEnt because it will cause the sawtooth noise instability.
The weight factor S(n) for SOM is also set to be proportional to |Gnoisy(iωn)|.
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Appendix B

Implementation Details of the
Liouvillian-Based Impurity Solver

B.1. Fermionic Operators in Tensor Product Form
In this section, we give a brief introduction to fermionic operators expressed in tensor
product format, which is essential for understanding the super-fermion formalism in-
troduced in the next section. Suppose we have two Hilbert spaces H1 and H2, which
contain fermionic operators d̂(†)i (1 ≤ i ≤ N1) and ĉ

(†)
j (1 ≤ j ≤ N2), respectively. The

d̂(†)’s and ĉ(†)’s satisfy their respective anticommutation relations

[d̂i1 , d̂
†
i2
]+ = δi1i2 , [d̂i1 , d̂i2 ]+ = [d̂†i1 , d̂

†
i2
]+ = 0 , 1 ≤ i1, i2 ≤ N1 , (B.1)

[ĉj1 , ĉ
†
j2
]+ = δj1j2 , [ĉj1 , ĉj2 ]+ = [ĉ†j1 , ĉ

†
j2
]+ = 0 , 1 ≤ j1, j2 ≤ N2 , (B.2)

where [Â, B̂]+ = ÂB̂+ B̂Â is the anticommutator of operators Â and B̂, as described in
the main text. These operators can be used to generate states in their respective spaces:
|i⟩ = d̂†i1 d̂

†
i2
· · · |0⟩ ∈ H1 and |j⟩ = ĉ†j1 ĉ

†
j2
· · · |0⟩ ∈ H2, where i1, i2, · · · and j1, j2, · · · are

the occupied indices. However, no such relations exist between each d̂(†) and ĉ(†), since
they act on different spaces.

In practice, H1 could be the Hilbert space of the impurity system, while H2 could
be the Hilbert space of the bath system. One usually wants to study the total system
H = H1⊗H2. If we denote a state in H by |i, j⟩ ∈ H, then one needs to define operators
D̂

(†)
i (1 ≤ i ≤ N1) and Ĉ(†)

j (1 ≤ j ≤ N2), both of which act directly on H. Here, we use
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capital letters to denote operators acting on the full Hilbert space.
If one defines the normal order as

|i, j⟩ = D̂†
i1
D̂†

i2
· · · Ĉ†

j1
Ĉ†

j2
· · · |0⟩ ∈ H , (B.3)

then the D̂(†)’s and Ĉ(†)’s are connected to the d̂(†)’s and ĉ(†)’s via

D̂†
i = d̂†i ⊗ 1̂ , D̂i = d̂i ⊗ 1̂ , (B.4)

Ĉ†
i = (−1)

∑
i d̂

†
i d̂i ⊗ ĉ†i , Ĉi = (−1)

∑
i d̂

†
i d̂i ⊗ ĉi , (B.5)

where 1̂ is the identity operator acting on the second subspace. One can verify that the
D̂(†)’s and Ĉ(†)’s satisfy the anticommutation relations

[D̂i1 , D̂
†
i2
]+ = δi1i2 , [D̂i1 , D̂i2 ]+ = [D̂†

i1
, D̂†

i2
]+ = 0 , (B.6)

[Ĉj1 , Ĉ
†
j2
]+ = δj1j2 , [Ĉj1 , Ĉj2 ]+ = [Ĉ†

j1
, Ĉ†

j2
]+ = 0 , (B.7)

[D̂i, Ĉ
†
j ]+ = [Ĉj, D̂

†
i ]+ = [D̂i, Ĉj]+ = [D̂†

i , Ĉ
†
j ]+ = 0 . (B.8)

The state can therefore be written as

|i, j⟩ = |i⟩ ⊗ |j⟩ = d̂†i1 d̂
†
i2
· · · ⊗ ĉ†j1 ĉ

†
j2
· · · |0⟩ ∈ H . (B.9)

Thus, both the operators and the states in the total Hilbert space can be written either
in terms of the D̂(†)’s and Ĉ(†)’s or in terms of the d̂(†)’s and ĉ(†)’s. These two descriptions
are equivalent. The benefits of using these two formalisms will become apparent in the
next section.

B.2. Super-Fermion Representation

B.2.1. Standard Formalism

Let H be the Hilbert space of the physical system under study, endowed with fermionic
operators ai and a†i for 1 ≤ i ≤ N , where the ˆ signs for operators are omitted in
this section for later convenience. Suppose its complete orthonormal basis is |n⟩ =

|n1n2...nN⟩, where n is a composite index and its components satisfy ni ∈ {0, 1}. Then
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the identity operator can be written as 1 =
∑

n |n⟩⟨n| with ⟨m|n⟩ = δmn. According
to Refs. [166, 170], one can introduce an identical copy of H and distinguish its states
and operators with ,̃ i.e., |ñ⟩ and ã

(†)
i . Then the full space Htot = H ⊗H is called the

super-fermion space, with basis |m,n⟩ = |m⟩ ⊗ |ñ⟩.
One can define a so-called left-vacuum vector |I⟩ =

∑
n |n⟩ ⊗ |ñ⟩, so that a generic

operator ρ =
∑

mn ρmn|m⟩⟨n| acting on the original space can be transformed one-to-one
into a state vector |ρ⟩ in Htot, i.e.,

|ρ⟩ =
∑
mn

ρmn|m⟩ ⊗ |ñ⟩ = (ρ⊗ 1)|I⟩ ∈ Htot , (B.10)

and its inner product with |I⟩ gives the trace of the original operator:

⟨I|ρ⟩ = (
∑
n

⟨n| ⊗ ⟨ñ|)(ρ⊗ 1)(
∑
m

|m⟩ ⊗ |m̃⟩) = Tr[ρ] . (B.11)

One can define the counterparts of a(†)i and ã
(†)
i that act on the total space. Their

actions on the basis states are

Ai|m,n⟩ = (ai ⊗ 1)|m,n⟩ , (B.12)
A†

i |m,n⟩ = (a†i ⊗ 1)|m,n⟩ , (B.13)
Ãi|m,n⟩ = (−1)

∑
i(mi−ni)+1(1⊗ ãi)|m,n⟩ , (B.14)

Ã†
i |m,n⟩ = (−1)

∑
i(mi−ni)(1⊗ ã†i )|m,n⟩ . (B.15)

One can verify that this definition guarantees (A†
i )

† = Ai and (Ã†
i )

† = Ãi, and that these
operators satisfy the anticommutation relations

[Ai, A
†
j]+ = δij , [Ai, Aj]+ = [A†

i , A
†
j]+ = 0 , (B.16)

[Ãi, Ã
†
j]+ = δij , [Ãi, Ãj]+ = [Ã†

i , Ã
†
j]+ = 0 , (B.17)

[Ai, Ã
†
j]+ = [Ãj, A

†
i ]+ = [Ai, Ãj]+ = [A†

i , Ã
†
j]+ = 0 , (B.18)
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while their actions on the basis states give the occupation numbers

A†
iAi|m,n⟩ = mi|m,n⟩ , (B.19)

Ã†
i Ãi|m,n⟩ = ni|m,n⟩ . (B.20)

The power of this formalism is that their actions on the left-vacuum vector can be
interchanged via

Ai|I⟩ = Ã†
i |I⟩ , A†

i |I⟩ = −Ãi|I⟩ , (B.21)

so that superoperators acting on H can be transformed into operators acting on Htot by
using the A(†)’s and Ã(†)’s. For example, consider a superoperator that acts on a density
operator ρ as aiρa†j. In the full space, it can be written as

(aiρa
†
j)⊗ 1|I⟩ = (ai ⊗ 1)(ρ⊗ 1)(a†j ⊗ 1)|I⟩

= Ai(ρ⊗ 1)A†
j|I⟩ = −Ai(ρ⊗ 1)Ãj|I⟩

= −AiÃj(ρ⊗ 1)|I⟩ = −AiÃj|ρ⟩ , (B.22)

where we have assumed that the density operator ρ is a particle-number-conserving
operator acting on the original space, so that it commutes with Ãj. As a result, this
superoperator can be expressed as the operator −AiÃj acting on the state |ρ⟩ ∈ Htot.
This technique is therefore essential for rewriting superoperators as operators acting on
the enlarged space, whose properties can then be studied using matrix diagonalization
techniques.

Despite the convenience introduced so far, note that the defined operators Ã(†)’s are
not creation and annihilation operators in the usual sense when acting on |m,n⟩, i.e.,

|m,n⟩ ̸= (A†
1)

m1(A†
2)

m2 · · · (A†
N)

mN (Ã†
1)

n1(Ã†
2)

n2 · · · (Ã†
N)

nN |0⟩ , (B.23)

where mi, ni ∈ {0, 1}, as mentioned before. This point can also be verified by comparing
the difference between Eqs. (B.14) and (B.15) with Eq. (B.5). In practice, if one has
a large system and wants to perform bit-wise operations on states, this formalism can
become inconvenient, since the actions of Ã(†)

i depend on both the occupation numbers
before and after this index. In the next section, we introduce an equivalent formalism
that can be more convenient.
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B.2.2. Alternative Formalism

Suppose O is a generic operator acting on H. One can verify that O ⊗ 1|I⟩ = 1 ⊗
ÕT |I⟩, where T denotes the transpose and ˜ is used to distinguish the mirrored space
from the original space. As clarified in the main text, we always adopt an occupation-
number basis without any complex-valued prefactors of norm 1, so that the matrix
representations of a(†) are always real-valued, i.e., aTi = a†i . Then, by taking O to be ai
and a†i , we obtain the conjugation relations

ai ⊗ 1|I⟩ = 1⊗ ã†i |I⟩ , a†i ⊗ 1|I⟩ = 1⊗ ãi|I⟩ . (B.24)

Now Eq. (B.22) can be rewritten as

(aiρa
†
j)⊗ 1|I⟩ = (ai ⊗ 1)(ρ⊗ 1)(a†j ⊗ 1)|I⟩

= (ai ⊗ 1)(ρ⊗ 1)(1⊗ ãj)|I⟩

= (ai ⊗ 1)(1⊗ ãj)(ρ⊗ 1)|I⟩

= ai ⊗ ãj|ρ⟩ , (B.25)

so that the same superoperator can be expressed as the operator ai ⊗ ãj acting on the
state |ρ⟩ ∈ Htot. This representation is more convenient because the prefactor from ãj

acting on a state |m,n⟩ depends only on
∑j−1

i=1 ni, rather than on
∑N

i=1(mi−ni). In our
implementation, we always use this formalism.
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B.3. Explicit Form of the Liouvillian
For the single-impurity Anderson model (SIAM) studied in Sec. 9.3.1.2, by applying the
conclusions from Sec. B.2.2, the explicit expression for the Liouvillian L̂ is

L̂ = −i(Haux ⊗ 1− 1⊗ H̃T
aux)

+
∑
k1σ

(γ1)k1σ(2ck1σ ⊗ c̃k1σ − c
†
k1σ
ck1σ ⊗ 1− 1⊗ c̃†k1σ c̃k1σ)

+
∑
k2σ

(γ2)k2σ(2c
†
k2σ
⊗ c̃†k2σ − ck2σc

†
k2σ
⊗ 1− 1⊗ c̃k2σ c̃

†
k2σ

)

+
∑
k1σ

(M1)k1σ(2dσ ⊗ c̃k1σ + 2ck1σ ⊗ d̃σ − c
†
k1σ
dσ ⊗ 1− d†σck1σ ⊗ 1− 1⊗ d̃†σ c̃k1σ − 1⊗ c̃†k1σd̃σ)

+
∑
k2σ

(M2)k2σ(2d
†
σ ⊗ c̃

†
k2σ

+ 2c†k2σ ⊗ d̃
†
σ − ck2σd†σ ⊗ 1− dσc†k2σ ⊗ 1− 1⊗ d̃σ c̃†k2σ − 1⊗ c̃k2σd̃†σ)

, (B.26)

where the hats ˆ on the operators on the right-hand side have been omitted to avoid
confusion with the tildes .̃

For large systems, L̂ is usually not constructed explicitly. Instead, it is implemented
as a black-box operation that takes a vector v ∈ Htot as input and outputs another
vector L̂v ∈ Htot. Since L̂ is a non-Hermitian operator, one also needs a black-box
operation for L̂†v ∈ Htot to perform algorithms such as the non-Hermitian Lanczos
method, which will be introduced in Sec. B.4. For completeness, we therefore provide
the explicit expression for L̂†:

L̂† = +i(Haux ⊗ 1− 1⊗ H̃T
aux)

+
∑
k1σ

(γ1)k1σ(2c
†
k1σ
⊗ c̃†k1σ − c

†
k1σ
ck1σ ⊗ 1− 1⊗ c̃†k1σ c̃k1σ)

+
∑
k2σ

(γ2)k2σ(2ck2σ ⊗ c̃k2σ − ck2σc
†
k2σ
⊗ 1− 1⊗ c̃k2σ c̃

†
k2σ

)

+
∑
k1σ

(M1)k1σ(2d
†
σ ⊗ c̃

†
k1σ

+ 2c†k1σ ⊗ d̃
†
σ − d†σck1σ ⊗ 1− c†k1σdσ ⊗ 1− 1⊗ c̃†k1σd̃σ − 1⊗ d̃†σ c̃k1σ)

+
∑
k2σ

(M2)k2σ(2dσ ⊗ c̃k2σ + 2ck2σ ⊗ d̃σ − dσc
†
k2σ
⊗ 1− ck2σd†σ ⊗ 1− 1⊗ c̃k2σd̃†σ − 1⊗ d̃σ c̃†k2σ)

, (B.27)

where we have used the fact that γ1, γ2, M1, and M2 are all real-valued.
These parameters can be extracted from the MPM results {Ak1σ, ξk1σ} and {Ak2σ, ξk2σ}
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via
(V1)k1σ − i(M1)k1σ =

√
−2πiA(dn)

k1σ
,

(V2)k2σ + i(M2)k2σ =

√
+2πiA

(up)
k2σ

,

(Z1)k1σ = (γ1)k1σ + i(ε1)k1σ = +iξ
(dn)
k1σ

,

(Z2)k2σ = (γ2)k2σ − i(ε2)k2σ = −iξ(up)
k2σ

.

(B.28)

B.4. Non-Hermitian Lanczos Algorithm

B.4.1. Theoretical Background

The non-Hermitian Lanczos algorithm is a generalization of the Hermitian Lanczos
algorithm to non-Hermitian matrices [161]. It builds a pair of biorthogonal bases for
the two Krylov subspaces

Km(L̂, v1) = span{v1, L̂v1, · · · , L̂m−1v1} (B.29)

and
Km(L̂†, w1) = span{w1, L̂†w1, · · · , (L̂†)m−1w1} , (B.30)

where L̂ is a non-Hermitian square matrix of size M ×M , following the notation intro-
duced in the main text; m ≤M is an integer; and v1 and w1 are column vectors of size
M .

The algorithm is performed as described in Alg. 6. It produces a pair of biorthogonal
bases {vi} and {wi} satisfying the orthonormality relation

w†
i vj = δij for 1 ≤ i, j ≤ m , (B.31)

where † denotes the Hermitian conjugate. It also produces a tridiagonal matrix

Tm =



α1 β2

δ2 α2 β3

δ3 α3
. . .

. . . . . . βm

δm αm


, (B.32)
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Algorithm 6 Non-Hermitian Lanczos Algorithm
1: Input: ṽ1, w̃1, L̂, mmax, and ε.
2: Output: α ∈ Cm, β ∈ Cm−1, δ ∈ Cm−1, and c ∈ C.
3: Compute c = w̃†

1ṽ1.
4: Initialize w1 = cww̃1, v1 = cvṽ1, with cw =

√
∥ṽ1∥√
∥w̃1∥

1√
|c|

and cv =
1

c×cw
.

5: Set β1 = 0, δ1 = 0, w0 = v0 = 0.
6: for j = 1, 2, · · · ,mmax do
7: ṽj+1 = L̂vj − βjvj−1.
8: αj = w†

j ṽj+1.
9: ṽj+1 = ṽj+1 − αjvj.

10: w̃j+1 = L̂†wj − α∗
jwj − δjwj−1.

11: δj+1 =
√
|w̃†

j+1ṽj+1|.
12: if δj+1 < ε then
13: Stop the iteration.
14: βj+1 = w̃†

j+1ṽj+1/δj+1.
15: wj+1 = w̃j+1/β

∗
j+1.

16: vj+1 = ṽj+1/δj+1.

such that the non-Hermitian matrix L̂ is tridiagonalized as

W †
m L̂ Vm = Tm , (B.33)

where Vm = (v1 v2 · · · vm) and Wm = (w1 w2 · · · wm) are M × m matrices. In the
algorithm, we distinguish unnormalized vectors from normalized ones by placing a tilde
on the unnormalized vectors. The initial vectors ṽ1 and w̃1 are normalized so that v1
and w1 have the same norm. The coefficients δj and βj are chosen so that vj and wj for
j > 1 have the same norm as well.

Suppose Tm has an eigenvalue λi with right eigenvector xi and left eigenvector yi, i.e.,

Tmxi = λixi , (B.34)
T †
myi = λ∗i yi . (B.35)

When Tm has the same size as L̂, i.e., m =M , λi is also an eigenvalue of L̂, with right
eigenvector Vmxi and left eigenvector Wmyi. When m ≪ M , λi, Vmxi, and Wmyi can
still provide good estimates of the extreme eigenvalues of L̂ and their corresponding
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eigenvectors [161]. For these m approximate eigenvectors to be biorthonormal, i.e.,
(Wmyi)

†(Vmxj) = δij, one only needs to construct biorthonormal eigenvectors of Tm,
i.e., y†ixj = δij.

B.4.2. Green’s Function Evaluation

Because of the spin symmetry in the SIAM considered in Sec. 9.3.1.3, we only need
to focus on σ = ↑. To calculate the first term of Eq. (9.37), we set w̃1 = d̂†↑|I0⟩,
ṽ1 = d̂†↑|ρaux(∞)⟩ and perform Alg. 6 on the block (+1,+1) to obtain Tm as well as
the normalization constant c. Suppose it has eigenvalue λi (1 ≤ i ≤ m) with right
eigenvector xi and left eigenvector yi, as described in the previous section. Then R and
L can be approximated by Vm(x1 · · · xm) and Wm(y1 · · · ym), respectively. For clarity,
we temporarily omit the superscript (+1,+1), and the first term can be written as

v†1L


1

ω−iλ1

1
ω−iλ2 . . .

1
ω−iλm

 v1R

= c w†
1Vm

(
x1 x2 · · · xm

)


1
ω−iλ1

1
ω−iλ2 . . .

1
ω−iλm



y†1

y†2
...
y†m

W †
mv1

= c
(
1 0 · · · 0

)(
x1 x2 · · · xm

)


1
ω−iλ1

1
ω−iλ2 . . .

1
ω−iλm



y†1

y†2
...
y†m



1

0
...
0



= c
(
(x1)1 (x2)1 · · · (xm)1

)


1
ω−iλ1

1
ω−iλ2 . . .

1
ω−iλm




(y1)
∗
1

(y2)
∗
1

...
(ym)

∗
1

 . (B.36)

Similarly, one can set w̃1 = d̂↑|I0⟩, ṽ1 = d̂↑|ρaux(∞)⟩ and perform Alg. 6 on the block
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(−1,−1) to obtain the second term. As a result, Eq. (9.37) can be simplified to

GRet
↑↑ (ω) = c(+1,+1)

m∑
j=1

(x
(+1,+1)
j )1(y

(+1,+1)
j )∗1

ω − iλ(+1,+1)
j

+c(−1,−1)∗
m∑
j=1

(x
(−1,−1)
j )∗1(y

(−1,−1)
j )1

ω − i(λ(−1,−1)
j )∗

, (B.37)

where the superscripts (+1,+1) and (−1,−1) are used to distinguish the two blocks.
In practice, when performing the non-Hermitian Lanczos algorithm, we only input the

actions of the operators L̂ and L̂†, which can be implemented by bit-wise operations,
rather than constructing the full matrices explicitly. Moreover, we only need Tm and
c as outputs, without storing the large rectangular matrices Vm and Wm. After that,
we simply diagonalize the small matrix Tm and substitute the results into Eq. (B.37) to
obtain the final Green’s function.
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