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This note is organized as follows: Sec. I recalls the
graphical representation of the Potts model. With the
preliminaries, we construct the random modulo ¢ model
in Sec. II, which is equivalent to the graphical represen-
tation in Sec. I with parameter p = (1—e~%)/q. Connec-
tions between the random modulo ¢ model and the ran-
dom cluster model are proposed, providing a brand-new
algorithm for simulating the g-state Potts model with the
integer q.

I. GRAPHICAL REPRESENTATION FOR THE
POTTS MODEL

For the ferromagnetic Potts model without external
field, the Hamiltonian reads
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K > 0 is the dimensionless coupling strength, T" is the
temperature and o; € {0,1,---,q — 1}. We use b to
denote the bond between nearest-neighbor sites ¢ and j.
Another notation (i, v) is also used to label bond by spec-
ifying the direction v of nearest neighbor relative to site
1. The partition function writes
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where the summation for spin variables runs over all lat-
tice sites.

To reformulate the partition function in graphical rep-
resentation, we utilize the Discrete Fourier Transform
(DFT) and Inverse Discrete Fourier Transform:

Then, the Boltzmann statistical weight f(|o; —
exp(Kd(o; — 0;)) can be expanded to
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FIG. 1: Example about the configuration of the 3-state Potts
model in graphical representation. Positive directions are
shown by black arrows, similarly hereinafter.

And the partition function is reformulated to
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where the trivial factor has been dropped and bond
variable ny € {0,1,---,¢ — 1}. In addition, it’s cru-
cial to notice that we have to specify the positive di-
rection for each bond, reflected by sgn(v). Graphically,
each bond variable can be represented by n; edges as-
cribed to the corresponding bond. Then symmetry of
Zm_ ¢l a (o sen(Inin)oi requires >, sgn(v)n;, equals
zero (modulo ¢) to make non-zero contribution.

Eventually, Z is reformulated in the graphical repre-
sentation:
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where constraints are expressed explicitly in the first pro-
duction with the help of function @Q:

Q(n):{l ,n:OIpodq . (10)

0 ,otherwise

Consider ny as some kind of ”current” ascribed to bond
b, then the configuration space consists of all (modulo q)
conserved subgraphs. Example about effective configu-
ration can be seen in FIG. 1.



Before going further, there are some intuitive observa-
tions:

(i)Because of the non-negative value of ny, currents
can only flow towards positive directions. According-
ly, for simplicity, we can represent the configuration by
undirected subgraphs instead directed subgraphs. Posi-
tive directions are introduced to construct constraints for
these undirected edges;

(i) According to bond weight (7), there are two kinds of
bond variables: n, = 0 and n;, # 0. Whereas two types
of edges (open and close) exist in the random cluster
model, we can also classify n, into two groups according
to whether it equals zero or not.

II. RANDOM MODULO ¢ MODEL

Let G = (V, E) be a finite undirected simple graph with
vertex set V and edge set E. Elements v € V and e €
are used to label site and bond of lattice, respectively.
Define vector space QfM = {0,1,...,q — 1}¥ to describe
graph GRM = (V, E’M). The conserved cycle space CRM
is a subspace of Q®M consisting of all w € QM so that the
conserved law presented above is satisfied. Apparently,
CRM is a vector space over Z,. The uniform measure for
random modulo ¢ model is
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where p € [0,1/q]. It’s easy to verify that the random
modulo ¢ model is equivalent to the graphical represen-
tation (9) with parameter p = (1 — e~ %) /q.

As for the random cluster model, the vector space of
GRC = G reduces to QR = {0,1}”. The uniform mea-
sure reads
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where n(w) = {e € E|w(e) = 1} is the set of open edges
and k(w) is the number of open components on the vertex
set V. For the g-state Potts model, spin representation
and ralln{dom cluster representation are connected by p =
1—e™™.

To find connections between (11) and (12), we define
the map between QFM and QRC:

Definition 1. Let ¢: Q™M — QRC be the map between
two vector spaces. For w € QFM and o’ € QRC W/ =
(w) is defined as w'(e) =1 — d(w(e)) for each e € E.

Actually, 1 maps multiple edges in Q®M to single edge
in QRC. With the goal of decomposing w € QFfM into
some basic elements, we define the conserved cycle by
the use of cycle in graph theory.

Definition 2. A conserved cycle C is an element of QFM
which satisfies the following requirements:

(1))C" = ¢(C) is a cycle;

(ii) The current-conserved law is satisfied in C.

Conversely, given a cycle ¢’ € QFC we can get
one trivial conserved cycle by setting C(e) = 0 and

¢ — 1 non-trivial conserved cycles by setting C(e) =
1,2,--+,q — 1 for an arbitrary edge e € C’, as shown in
FIG.2. And we can label them by C(@ ¢ ... cla—1),
For vector space QRC let {C},C%,---,C"} be a max-
imal set of independent cycles. Then conserved cycles
{Cl(k), C’ék), e ,C’gk)|k =0,1,---,q—1} can be obtained.
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FIG. 2: Let ¢ equals 3. Given a cycle, two non-trivial con-
served cycles and one trivial conserved cycle can be construct-
ed.

Theorem 1. {C{l), C’él), e 7C’c(l)} is a basis of the vec-

tor space C'*M over Z,,.

Proof. First, suppose G = (V, E) is a connected graph.
Let one of its spanning tree is T = (V,F). For each
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FIG. 3: Transform between two representations. (a) From random cluster representation (RC) to random modulo ¢ represen-
tation (RM): Choose a set of independent cycles in RC, construct the conserved cycles and combine these conserved cycles.
(b) From RM to RC: Map the configuration in RM to RC, add edges with probability p/(1 — (¢ — 1)p) for unoccupied bonds.

er € E\F, 1 < k < ¢, there’s only one cycle C7, in
the vector space of (V,F|Jex). By this way, we get a
maximal set of independent cycles {Chy,Clhry, -+, Ch.}
and ey is owned only by C/.. Then conserved cycles
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Let w € C’M and ay, = w(ek)/C’:g}k) (er), where the divi-

sion is carried out over Z,. Because 05},3 (er) equals either

7C’(Tlc) } can be constructed.

1 or g—1, aj is well-defined. Let w; = ZZ=1 akC’;lk), we
proof that w equals wi.

Because w and w; are elements of vector space CR?M.,
We get wy —w € C™M. By definition, (w1 — w)(e) = 0
for e € {ex|k =1,2,--- ,¢c}. Fore € E and e & {ex|k =
1,2,--- ¢}, it is an element in the edge set of the span-
ning tree T'. And it is impossible to satisfy the conserved
law if (w1 —w)(e) # 0. Accordingly, (w1 —w)(e) equals 0

forany e € Eand w = > ;_,; akC;Ik). Because w € C’M

in arbitrary, {07(“11)7 C(T12) e ,Cq(}c) } is a basis of the vec-
tor space CRM. For arbitrary set of independent cycles
{C’{l), Cél), cee C’c(l)}, because elements are independent
to each other, it is also a basis of the vector space CRM.

If G = (V, E) is not a connected graph, we can decom-
pose it to G = Y" Gk, GiNG; =0, 0 < 4,5 < m,
where Gg is the set of all isolated vertices and Gy
(1 < k < m) is a connected graph. For each connect-
ed graph Gy, we can find a basis {C’E),C,(C?, e ,C,S)

b
and their union is a basis of CRM, O

According to this theorem, any configuration of the
random modulo ¢ model can be decomposed to the com-
bination of several conserved cycles. This provides the
foundation to build connections between the random
modulo ¢ model and the random cluster model.

Theorem 2. Let p € [0,1/q] and let w € G be a real-
ization of the random cluster model on G with parameters
qp and q. Let R = (V,7) be a uniform random modulo
q subgraph of (V,n(w)), then R is a random modulo q
subgraph of GTM with parameter p.

Proof. Given a configuration w in random cluster model,
we first find out all of its independent cycles. Denote
the number of these independent cycles by ¢(w). And

we can build a basis {C’F)7 C’Q(l), e ,C’é(li)} of the vector

space Q¢ = {0,1,...,q — 1}7“). Then the probability to
construct a random modulo g subgraph (V, g) is

o qE) i ap(g) € p(w)
Py =glw) = { 0 ,otherwise .

Denote the vector of (V, g) by k. Using the identity that



c(w) = [n(@)] = V] + k(w), we get
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which is consistent with Eq. (11). O

Theorem 3. Let (V,F) be a realization of the random
modulo q subgraph with parameter p € [0,1/q]. To each
e € E\F, add edge with probability p. = 17(;%1)1) on the
base of F' and get H, then graph (V, H) has law ¢gp.q-

Proof. For w € QFMabbreviate 7(1)(w)) to n(w). For

h C E, we have
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consistent with Eq. (12). O

The illustration of the transform between the random
modulo ¢ model and the random cluster model is shown
in Fig. 3.
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